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1.
R

eferen
tial in

d
eterm

in
acy

 (fo
r in

stan
ce, in

d
eterm

in
acy

 as to
 w

h
at a sin

g
u
lar term

 stan
d
s

fo
r o

r w
h
at a g

en
eral term

 h
as as its ex

ten
sio

n
) is a w

id
esp

read
 p

h
en

o
m

en
o
n
.  O

rd
in

ary
 v

ag
u
en

ess

is a sp
ecial case o

f in
d
eterm

in
acy

: fo
r in

stan
ce, it is in

d
eterm

in
ate w

h
eth

er th
e w

o
rd

 ‘rich
’ h

as in

its ex
ten

sio
n
 certain

 m
o
d
erately

 rich
 p

eo
p
le, 1 an

d
 it is in

d
eterm

in
ate p

recisely
 w

h
ich

 ato
m

s are

p
arts o

f th
e referen

t o
f ‘C

lin
to

n
’s b

o
d
y
’ at a certain

 tim
e.  B

u
t th

ere are m
o
re in

terestin
g
 ex

am
p
les

as w
ell.O

n
e k

in
d
 o

f ex
am

p
le arises in

 th
e co

n
tex

t o
f b

elief in
 false th

eo
ries.  C

o
n
sid

er th
e u

se o
f

th
e term

 ‘h
eav

ier th
an

’ b
y
 p

re-N
ew

to
n
ian

s.  D
id

 it stan
d
 fo

r th
e relatio

n
 o

f having gr eater m
ass

than
, o

r fo
r th

e relatio
n
 o

f  having greater w
eight than

?   In
 p

re-N
ew

to
n
ian

 p
h
y
sics th

ere w
as n

o

d
istin

ctio
n
 b

etw
een

 th
e w

eig
h
t o

f an
 o

b
ject an

d
 its m

ass; an
d
 sin

ce th
e term

 ‘h
eav

ier th
an

’ w
as

ap
p
lied

 alm
o
st ex

clu
siv

ely
 in

 th
e co

n
tex

t o
f o

b
jects at th

e su
rface o

f th
e earth

 w
h
ere th

ere is an

alm
o
st p

erfect co
rrelatio

n
 b

etw
een

 m
ass an

d
 w

eig
h
t, th

ere is little in
 th

e p
re-N

ew
to

n
ian

 u
se o

f th
e

term
 th

at co
u
ld

 h
av

e settled
 th

e m
atter.  S

o
m

e p
re-N

ew
to

n
ian

 u
tteran

ces m
ay

 to
 so

m
e ex

ten
t

fav
o
r o

n
e in

terp
retatio

n
 o

v
er th

e o
th

er; u
n
fo

rtu
n
ately, th

ey
 w

ere p
ro

b
ab

ly
 ab

o
u
t eq

u
ally

 m
atch

ed

in
 im

p
o
rtan

ce b
y
 u

tteran
ces fav

o
rin

g
 th

e o
th

er in
terp

retatio
n
.  I su

p
p
o
se w

e co
u
ld

 say
 th

at th
e

term
 d

id
n
’t stan

d
 fo

r eith
er th

e relatio
n
 m

or e w
eighty than

 o
r th

e relatio
n
 m

ore m
assive than

.  B
u

t

th
en

 w
h
at d

id
 it stan

d
 fo

r?  T
h
ere is n

o
 th

ird
 relatio

n
 th

at is a b
etter can

d
id

ate fo
r w

h
at th

eir term

sto
o
d
 fo

r; an
d
 it seem

s u
n
satisfacto

ry
 to

 say
 th

at it d
id

n
’t stan

d
 fo

r an
y
th

in
g
 at all, sin

ce th
at

w
o
u
ld

 seem
 to

 im
p
ly

 th
at th

ey
 n

ev
er said

 an
y
th

in
g
 tru

e w
h
en

 th
ey

 said
 th

at o
n
e th

in
g
 w

as h
eav

ier

th
an

 an
o
th

er, w
h
ich

 is h
ard

 to
 sw

allo
w

.  T
h
e b

est co
n
clu

sio
n
 seem

s to
 b

e th
at th

eir term
 “so

rt o
f

sto
o
d
 fo

r” each
 o

f th
e tw

o
 relatio

n
s, b

u
t d

id
n
’t determ

inately  stan
d
 fo

r eith
er.  T

h
is m

ean
s fo

r

in
stan

ce th
at if A

 is an
 o

b
ject o

n
 th

e m
o
o
n
 th

at is m
o
re m

assiv
e th

an
 b

u
t less w

eig
h
ty

 th
an

 an

o
b
ject B

 o
n
 earth

, th
ere is n

o
 d

eterm
in

ate fact o
f th

e m
atter as to

 w
h
eth

er A
 w

as h
eav

ier th
an

 B
,

o
n
 th

eir u
se o

f ‘h
eav

ier th
an

’.  (S
o
 if w

e w
an

t referen
tial in

d
eterm

in
acy

 in
 a sin

g
u
lar term

, ‘th
e

h
eav

ier o
f A

 an
d
 B

’ is an
 ex

am
p
le.)  O

n
 th

e o
th

er h
an

d
, if A

 is b
o
th

 m
o
re m

assiv
e th

an
 an

d
 m

o
re

w
eig

h
ty

 th
an

 B
, th

en
 w

e sh
o
u
ld

 reg
ard

 it as d
eterm

in
ate th

at A
 is h

eav
ier th

an
 B

 o
n
 th

eir u
se o

f

‘h
eav

ier th
an

’. 

2

A
n
 in

terestin
g
 featu

re o
f th

is ex
am

p
le is th

at ju
st as N

ew
to

n
 in

 effect d
isco

v
ered

 th
at

‘h
eav

ier th
an

’ w
as in

d
eterm

in
ate b

etw
een

 b
ein

g
 m

o
re m

assiv
e an

d
 b

ein
g
 m

o
re w

eig
h
ty, E

in
stein

 in

effect d
isco

v
ered

 th
at ‘is m

o
re m

assiv
e th

an
’ is itself in

d
eterm

in
ate, b

etw
een

 h
av

in
g
 m

o
re rest

m
ass an

d
 h

av
in

g
 m

o
re m

o
m

en
tu

m
 p

er u
n
it v

elo
city.  A

n
d
 fo

r all w
e k

n
o
w

, fu
tu

re p
h
y
sicists m

ay

fin
d
 d

istin
ctio

n
s th

at w
e m

iss, g
iv

in
g
 rise to

 in
d
eterm

in
acy

 th
at w

e can
’t y

et b
e aw

are o
f.   

O
r so

 it w
o
u
ld

 seem
. B

u
t S

tev
e L

eed
s (1

9
9
7
, sectio

n
 IV

), w
h
ile g

ran
tin

g
 th

at it m
ak

es

sen
se to

 ascrib
e in

d
eterm

in
acy

 to
 term

s in
 earlier th

eo
ries, h

as d
en

ied
 th

at it m
ak

es sen
se to

ascrib
e in

d
eterm

in
acy

 to
 o

u
r o

w
n
 term

s.  T
h
e u

n
d
erly

in
g
 ratio

n
ale fo

r th
is seem

s to
 b

e a

d
isq

u
o
tatio

n
al v

iew
 o

f referen
ce, o

n
 w

h
ich

 referen
ce fo

r o
w

n
 sin

g
u
lar term

s is p
retty

 m
u
ch

d
efin

ed
 b

y
 th

e sch
em

a 

(R
)

If b
 ex

ists th
en

 ‘b
’ refers to

 b
 an

d
 to

 n
o
th

in
g
 else

(an
d
 an

alo
g
o
u
sly

 fo
r g

en
eral term

s, etc.); talk
 o

f referen
ce fo

r o
th

er p
eo

p
le’s term

s m
ak

es sen
se

o
n
ly

 relativ
e to

 a co
rrelatio

n
 o

f th
eir term

s to
 o

u
rs, an

d
 in

 cases lik
e th

e p
re-N

ew
to

n
ian

 ‘h
eav

ier

th
an

’ th
ere is n

o
 b

est tran
slatio

n
 to

 u
se. 2  B

u
t w

h
atev

er th
e ratio

n
ale, th

e v
iew

 is p
rim

a facie

su
rp

risin
g
, am

o
n
g
 o

th
er th

in
g
s b

ecau
se th

ere are circu
m

stan
ces w

h
ere it seem

s q
u
ite reaso

n
ab

le to

su
sp

ect in
d
eterm

in
acy

 in
 sp

ecific term
s in

 o
u
r cu

rren
tly

 b
est th

eo
ry.  A

 p
o
ssib

le ex
am

p
le: it seem

s

to
 b

e g
en

erally
 b

eliev
ed

 th
at th

e v
ario

u
s ten

so
r field

s th
at E

in
stein

 in
tro

d
u
ced

 in
to

 g
rav

itatio
n
al

th
eo

ry
 m

ak
e n

o
 p

h
y
sical sen

se o
n
 a su

fficien
tly

 sm
all scale an

d
 th

at th
e q

u
an

tu
m

 g
rav

itatio
n

th
eo

ry
 o

f th
e fu

tu
re w

ill h
av

e to
 rep

lace th
em

; b
u
t as far as I k

n
o
w

 o
u
r b

est th
eo

ries o
f g

rav
itatio

n

to
d
ay

 still em
p
lo

y
 th

em
, b

ecau
se w

e d
o
n
’t y

et h
av

e a clear en
o
u
g
h
 id

ea o
f w

h
at th

e ap
p
ro

p
riate

rep
lacem

en
t term

in
o
lo

g
y
 m

ig
h
t b

e.  T
h
is is th

e so
rt o

f circu
m

stan
ce w

h
ere in

d
eterm

in
acy

 m
ay

 b
e

su
sp

ected
: term

s lik
e ‘th

e R
icci ten

so
r’ are u

n
lik

ely
 to

 straig
h
tfo

rw
ard

ly
 refer, b

u
t are also

u
n
lik

ely
 to

 b
e straig

h
tfo

rw
ard

ly
 d

en
o
tatio

n
less.  O

f co
u
rse ex

am
p
les lik

e th
is d

ep
en

d
 o

n
 th

e fact

th
at w

e k
n
o
w

 sp
ecific w

ay
s in

 w
h
ich

 o
u
r cu

rren
tly

 b
est th

eo
ry

 is p
ro

b
lem

atic; b
u
t if y

o
u
 g

ran
t th

at

it m
ak

es sen
se to

 su
sp

ect in
d
eterm

in
acy

 in
 th

o
se cases, I d

o
n
’t see w

h
y
 y

o
u
 sh

o
u
ld

n
’t g

ran
t th

at it

m
ak

es sen
se to

 su
p
p
o
se it in

 o
th

er cases w
h
ere w

e h
av

e n
o
 su

ch
 sp

ecific k
n
o
w

led
g
e.  F

o
r su

rely

all o
f u

s w
o
u
ld

 co
n
ced

e th
e p

o
ssib

ility
 th

at o
u
r cu

rren
t th

eo
ry

 is false, ev
en

 if (co
n
trary

 to
 fact)

w
e h

ad
 n

o
 sp

ecific k
n
o
w

led
g
e o

f its b
ein

g
 p

ro
b
lem

atic in
 certain

 w
ay

s; an
d
 ex

am
p
les lik

e

‘h
eav

in
ess’ an

d
 ‘m

ass’ m
ak

e clear th
at o

ften
 w

h
en

 a th
eo

ry
 is false, so

m
e o

f its term
s are



3

in
d
eterm

in
ate.

A
 d

ifferen
t k

in
d
 o

f ex
am

p
le co

m
es fro

m
 B

ran
d
o
m

 1
9
9
6
.  Im

ag
in

e th
at a co

m
m

u
n
ity

 o
f

E
n
g
lish

 sp
eak

ers w
as sep

arated
 fro

m
 th

e rest o
f u

s p
rio

r to
 th

e d
ev

elo
p
m

en
t o

f th
e th

eo
ry

 o
f

co
m

p
lex

 n
u
m

b
ers, an

d
 th

at th
ey

 in
d
ep

en
d
en

tly
 d

ev
elo

p
ed

 th
e th

eo
ry

 o
f co

m
p
lex

 n
u
m

b
ers. 

H
o
w

ev
er, th

ey
 d

ev
elo

p
ed

 d
ifferen

t sy
m

b
o
ls th

an
 o

u
rs fo

r th
e sq

u
are ro

o
ts o

f -1
: in

stead
 o

f callin
g

th
em

 'i' an
d
 '-i', th

ey
 call th

em
 '/' an

d
 '\'.  (O

f co
u
rse th

ey
 k

n
o
w

 th
at / is -\ an

d
 h

en
ce th

at \ is -/, b
u
t

still th
ey

 u
se b

o
th

 sy
m

b
o
ls.)  T

h
is p

resen
ts a p

ro
b
lem

 o
f tran

slatio
n
: w

h
ich

 o
f th

eir tw
o
 sy

m
b
o
ls

sh
o
u
ld

 w
e eq

u
ate w

ith
 o

u
r sy

m
b
o
l 'i' an

d
 w

h
ich

 w
ith

 o
u
r '-i'?  It seem

s clear th
at th

ere is n
o
 rig

h
t

an
sw

er h
ere, fo

r (u
n
lik

e 1
 an

d
 -1

) th
e n

u
m

b
ers i an

d
 -i are stru

ctu
rally

 id
en

tical.  T
h
at is, w

h
ereas

1
 d

iffers stru
ctu

rally
 fro

m
 -1

, fo
r in

stan
ce in

 b
ein

g
 its o

w
n
 sq

u
are, n

o
 su

ch
 d

ifferen
ce d

istin
g
u
ish

es

i an
d
 -i: if y

o
u
 tak

e an
y
 m

ath
em

atical sen
ten

ce w
h
atev

er an
d
 su

b
stitu

te '-i' fo
r 'i' in

 all o
ccu

rren
ces,

th
e resu

ltin
g
 sen

ten
ce h

as th
e sam

e tru
th

 v
alu

e as th
e o

rig
in

al.  B
ecau

se o
f th

is co
m

p
lete

m
ath

em
atical sy

m
m

etry
 b

etw
een

 i an
d
 -i, it is h

ard
 to

 see h
o
w

 an
y
 p

o
ssib

le facts ab
o
u
t th

e

m
ath

em
atical b

eh
av

io
r o

f th
e o

th
er co

m
m

u
n
ity

 co
u
ld

 g
iv

e reaso
n
 fo

r p
referrin

g
 o

n
e tran

slatio
n

o
v

er th
e o

th
er.  A

n
d
 it seem

s clearly
 in

co
rrect to

 th
in

k
 th

at th
is is p

u
rely

 an
 ep

istem
o
lo

g
ical

lim
itatio

n
.  It isn

't th
at th

ere is a su
b
tle fact as to

 "th
e co

rrect tran
slatio

n
" th

at w
e can

 n
ev

er k
n
o
w

,

it is th
at th

ere is sim
p
ly

 n
o
 d

eterm
in

ate fact o
f th

e m
atter: th

e w
h
o
le id

ea o
f a u

n
iq

u
e "co

rrect

tran
slatio

n
" is m

isco
n
ceiv

ed
.

I h
av

e p
resen

ted
 th

is ex
am

p
le as an

 ex
am

p
le o

f in
d
eterm

in
acy

 n
o
t o

f referen
ce b

u
t o

f

tran
slatio

n
, b

u
t (assu

m
in

g
 p

lato
n
ism

 ab
o
u
t m

ath
em

atics, as I sh
all) w

e co
u
ld

 eq
u
ally

 p
resen

t it as

a p
ro

b
lem

 ab
o
u
t referen

ce fo
r term

s in
 th

e o
th

er lan
g
u
ag

e: th
ere seem

s to
 b

e n
o
 d

eterm
in

ate fact

o
f th

e m
atter as to

 w
h
ich

 sq
u
are ro

o
t o

f -1
 th

e term
 ‘/’ refers to

. 3   O
f co

u
rse, th

eir ty
p
ical

u
tteran

ces (fo
r in

stan
ce, ‘/

2 =
 -1

' ) w
ill co

m
e o

u
t tru

e u
n
d
er eith

er assig
n
m

en
t, h

en
ce d

eterm
in

ately

tru
e.

T
h
is ex

am
p
le is o

f in
terest in

 co
n
n
ectio

n
 w

ith
 L

eed
s’ p

o
sitio

n
, b

ecau
se it certain

ly
 seem

s

at first g
lan

ce th
at if th

e fo
reig

n
 term

s ‘/’ an
d
 ‘\’ are referen

tially
 in

d
eterm

in
ate, th

en
 so

 is o
u
r o

w
n

term
 ‘i’: w

o
u
ld

n
’t it b

e g
ro

ssly
 ch

au
v
in

istic to
 su

p
p
o
se th

at w
e h

av
e th

e ab
ility

 to
 d

eterm
in

ately

sin
g
le o

u
t o

n
e o

f th
e sq

u
are ro

o
ts o

f -1
, b

u
t n

o
 o

n
e else can

 h
av

e th
is ab

ility
?  T

h
e m

o
st o

b
v
io

u
s

w
ay

 to
 ev

ad
e th

e ch
arg

e o
f ch

au
v
in

ism
 is to

 say
 th

at it isn
’t th

at o
u
r term

 ‘i’ is b
etter th

an
 th

eir

4

term
 ‘/’, b

u
t sim

p
ly

 th
at o

u
r w

o
rd

 ‘refers’ h
as d

eterm
in

ate ap
p
licatio

n
 in

 th
e case o

f o
u
r term

s b
u
t

n
o
t in

 th
e case o

f th
eirs.  B

u
t th

at w
ay

 o
f av

o
id

in
g
 th

e ch
au

v
in

ism
 ch

arg
e is u

n
av

ailab
le to

 an
y
o
n
e

w
h
o
 w

an
ts to

 d
en

y
 in

d
eterm

in
acy

 in
 o

u
r o

w
n
 lan

g
u
ag

e sin
ce it assu

m
es an

 in
d
eterm

in
acy

 in
 o

u
r

w
o
rd

 ‘refers’.   M
o
reo

v
er, w

e co
u
ld

 m
o
d
ify

 th
e ex

am
p
le to

 m
ak

e it ev
en

 clearer th
at th

ere is

in
d
eterm

in
acy

 in
 o

u
r o

w
n
 lan

g
u
ag

e, b
y
 ex

ten
d
in

g
 o

u
r lan

g
u
ag

e to
 in

clu
d
e ‘/’ an

d
 ‘\’ as w

ell as ‘i’. 

W
e co

u
ld

 n
o
w

 ex
p
ress th

e in
d
eterm

in
acy

 at th
e o

b
ject lev

el: th
ere is n

o
 fact o

f th
e m

atter as to

w
h
eth

er / =
 i.  T

h
e o

b
v
io

u
s ex

p
lan

atio
n
 o

f th
ere b

ein
g
 n

o
 fact o

f th
e m

atter is th
at b

o
th

 ‘/’ (in
 th

is

ex
ten

sio
n
 o

f o
u
r p

resen
t lan

g
u
ag

e) an
d
 ‘i’ are referen

tially
 in

d
eterm

in
ate.  A

g
ain

,  th
e co

n
clu

sio
n

th
at ‘i’ is in

d
eterm

in
ate d

o
esn

’t co
n
flict w

ith
 th

e d
eterm

in
ate tru

th
 o

f o
u
r m

ath
em

atical claim
s,

sin
ce th

ey
 co

m
e o

u
t tru

e relativ
e to

 eith
er assig

n
m

en
t o

f a ro
o
t o

f -1
 to

 ‘i’; 4  o
n
ly

 “d
o
n
’t cares”

lik
e ‘/=

i’ h
av

e in
d
eterm

in
ate tru

th
 v

alu
e. 

O
n
e w

o
rry

 ab
o
u
t allo

w
in

g
 in

d
eterm

in
acy

 in
 o

u
r o

w
n
 lan

g
u
ag

e is th
at th

is m
ay

 ap
p
ear to

co
n
flict w

ith
 accep

tan
ce o

f su
ch

 “d
isq

u
o
tatio

n
 sch

em
as” as

(R
)

If b
 ex

ists th
en

 ‘b
’ refers to

 b
 an

d
 to

 n
o
th

in
g
 else

an
d
 

(T
)

F
o
r an

y
 x

, ‘P
’ is tru

e o
f x

 if an
d
 o

n
ly

 if P
(x

);

an
d
 th

ese p
rin

cip
les seem

 cen
tral to

 o
u
r u

n
d
erstan

d
in

g
 o

f th
e n

o
tio

n
s o

f referen
ce an

d
 b

ein
g
 tru

e

o
f.  A

 p
o
ssib

le resp
o
n
se w

o
u
ld

 b
e to

 so
m

eh
o
w

 restrict th
e ap

p
licatio

n
 o

f th
e sch

em
as to

d
eterm

in
ate lan

g
u
ag

e, b
u
t I th

in
k
 th

at th
is is n

o
t en

tirely
 ap

p
ealin

g
.  P

erh
ap

s, th
en

, th
e id

ea o
f

in
d
eterm

in
acy

 in
 o

u
r o

w
n
 lan

g
u
ag

e sh
o
u
ld

 b
e ab

an
d
o
n
ed

?  B
u
t h

o
w

 can
 it b

e, w
ith

o
u
t fallin

g
 in

to

ch
au

v
in

ism
?  T

h
is is essen

tially
 th

e p
u
zzle ab

o
u
t in

d
eterm

in
acy

 th
at is raised

 in
 Q

u
in

e 1
9
6
9
. 

(Q
u
in

e’s an
sw

er to
 th

e p
u
zzle is a b

it o
b
scu

re.)

F
o
rtu

n
ately

 th
e ch

o
ice b

etw
een

 ab
an

d
o
n
in

g
 th

e d
isq

u
o
tatio

n
 sch

em
as an

d
 accep

tin
g
 th

e

in
co

h
eren

ce o
f in

d
eterm

in
acy

 in
 o

u
r o

w
n
 lan

g
u
ag

e is u
n
n
ecessary

: th
ere is a v

ery
 n

atu
ral acco

u
n
t

th
at allo

w
s b

o
th

.   T
h
e acco

u
n
t req

u
ires a co

m
b
in

atio
n
 o

f tw
o
 id

eas. 5  T
h
e first id

ea is th
at

in
d
eterm

in
acy

 can
 b

e h
o
listic.  F

o
r in

stan
ce, in

 th
e ‘/’ an

d
 ‘\’ ex

am
p
le, th

e can
d
id

ates fo
r th

e

referen
ce o

f th
e tw

o
 term

s are co
rrelated

: sin
ce th

e sp
eak

ers accep
t th

e p
rin

cip
le “/ �

 \”, th
eir

p
ractices d

ictate th
at n

eith
er sq

u
are ro

o
t o

f -1
 can

 sim
u
ltan

eo
u
sly

 co
u
n
t as / an

d
 as \, ev

en
 th

o
u
g
h
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th
eir p

ractices d
o
n
’t d

ictate w
h
ich

 o
f th

e sq
u
are ro

o
ts o

f -1
 to

 assig
n
 to

 w
h
ich

 term
.  T

h
e seco

n
d

id
ea is th

at sem
an

tic term
s lik

e ‘refers’ can
 th

em
selv

es b
e in

d
eterm

in
ate.

H
o
w

 d
o
 w

e co
m

b
in

e th
ese id

eas in
 su

ch
 a w

ay
 as to

 m
ak

e th
e sch

em
a (R

) co
m

e o
u
t tru

e? 

T
h
e id

ea is sim
p
ly

 to
 su

p
p
o
se th

at o
u
r accep

tan
ce o

f th
e d

isq
u
o
tatio

n
 sch

em
a (R

) creates a

h
o
listic co

n
n
ectio

n
 b

etw
een

 ‘refers’ (as ap
p
lied

 to
 o

u
r o

w
n
 lan

g
u
ag

e) an
d
 each

 o
f th

e sin
g
u
lar

term
s o

f o
u
r lan

g
u
ag

e.  In
 p

articu
lar, th

ere is a h
o
listic co

n
n
ectio

n
 b

etw
een

 th
e in

terp
retatio

n
s o

f

‘i’ an
d
 ‘refers’: any acceptable interpretation that assigns a m

athem
atical object x to the term

 ‘i’

assigns to ‘refers’ a set that includes the pair <
‘i’,x>

 but doesn’t include the pair <
‘i’,y>

 for

any y other than x.   S
u
ch

 a h
o
listic co

n
n
ectio

n
 b

etw
een

 ‘refers’ an
d
 ‘i’ g

u
aran

tees th
at “(If i

ex
ists th

en
) ‘i’ refers to

 i an
d
 to

 n
o
th

in
g
 else” co

m
es o

u
t d

eterm
in

ately
 tru

e, an
d
 sim

ilarly
 fo

r all

o
th

er in
stan

ces o
f th

e d
isq

u
o
tatio

n
 sch

em
a (R

). 

T
h
is so

lu
tio

n
 d

o
es w

h
at w

e w
an

t: it g
iv

es a n
atu

ral acco
u
n
t o

f h
o
w

 “‘i’ refers to
 i” can

 b
e

d
eterm

in
ately

 tru
e ev

en
 th

o
u
g
h
 th

e ap
p
aren

tly
 an

alo
g
o
u
s claim

 “‘/’ refers to
 i” isn

’t.  T
h
e reaso

n

fo
r th

e asy
m

m
etry

 is th
at in

 learn
in

g
 to

 u
se th

e term
 ‘refers’ w

e learn
 to

 accep
t (R

), an
d
 th

is sets

u
p
 a co

n
n
ectio

n
 b

etw
een

 th
e w

o
rd

 ‘refers’ as applied to our term
 ‘i’  an

d
 o

u
r term

 ‘i’; it d
o
esn

’t

set u
p
 an

y
 co

n
n
ectio

n
 b

etw
een

 ‘refers’ as applied to ‘/’  an
d
 ‘i’.  W

e g
et th

is asy
m

m
etry

 w
ith

o
u
t

ch
au

v
in

ism
: our term

 ‘i’ is just as indeterm
inate as the for eign term

 ‘/’, it’s just that the

indeterm
inacy is “hidden” in our ordinary sem

antic claim
s because there is a com

pensating

indeterm
inacy in our ordinary sem

antic vocabulary.

I b
eliev

e th
at th

is acco
u
n
t rem

o
v
es o

n
e m

ain
 w

o
rry

 ab
o
u
t p

o
sitin

g
 in

d
eterm

in
acy

 in
 o

u
r

o
w

n
 lan

g
u
ag

e.   B
u
t o

n
e sh

o
u
ld

 n
o
t o

v
erestim

ate it.  E
arlier I m

en
tio

n
ed

 th
at L

eed
s’ d

en
ial o

f th
e

p
o
ssib

ility
 o

f in
d
eterm

in
acy

 in
 o

u
r o

w
n
 lan

g
u
ag

e w
as p

ro
b
ab

ly
 d

u
e to

 th
e accep

tan
ce o

f a

d
isq

u
o
tatio

n
al v

iew
 o

f referen
ce, acco

rd
in

g
 to

 w
h
ich

 th
e n

o
tio

n
 o

f referen
ce fo

r o
u
r o

w
n
 lan

g
u
ag

e

is d
efin

ed
 b

y
 th

e d
isq

u
o
tatio

n
 sch

em
as.  O

n
e m

ig
h
t th

in
k
 th

at if th
at is L

eed
s’ v

iew
, th

en
 th

e

acco
u
n
t ju

st sk
etch

ed
 sh

o
w

s th
at it is co

n
fu

sed
:

O
f co

u
rse d

isq
u
o
tatio

n
alism

 d
o
esn

’t ru
le o

u
t in

d
eterm

in
acy

 in
 o

u
r term

s.  If ‘i’ is

in
d
eterm

in
ate, th

en
 w

h
en

 w
e d

efin
e d

isq
u
o
tatio

n
al referen

ce in
 term

s o
f it an

d
 th

e o
th

er

term
s o

f o
u
r lan

g
u
ag

e, w
e g

et an
 in

d
eterm

in
ate n

o
tio

n
 o

f d
isq

u
o
tatio

n
al referen

ce.  T
h
e

6

fact th
at it is d

eterm
in

ate th
at ‘i’ refers to

 i d
o
esn

’t sh
o
w

 th
at ‘i’ is d

eterm
in

ate, it is

co
m

p
atib

le w
ith

 ‘i’ an
d
 ‘d

isq
u
o
tatio

n
ally

 refers’ b
o
th

 b
ein

g
 in

d
eterm

in
ate.

B
u
t it is th

is im
ag

in
ary

 reb
u
ttal o

f L
eed

s th
at w

o
u
ld

 b
e in

 erro
r.  T

h
e p

art after th
e first sen

ten
ce is

co
rrect, b

u
t it m

erely
 sh

o
w

s h
o
w

 a prior in
d
eterm

in
acy

 in
 ‘i’ w

o
u
ld

 g
iv

e rise to
 an

 in
d
eterm

in
acy

 in

‘d
isq

u
o
tatio

n
ally

 refers’.  B
u
t p

resu
m

ab
ly

 L
eed

s arg
u
m

en
t is th

at th
ere is n

o
 w

ay
 to

 m
ak

e sen
se o

f

th
e p

rio
r in

d
eterm

in
acy

 in
 ‘i’, if w

e reco
g
n
ize n

o
 n

o
tio

n
 o

f referen
ce b

ey
o
n
d
 th

e d
isq

u
o
tatio

n
al.

O
n
e w

ay
 aro

u
n
d
 L

eed
s’ co

n
clu

sio
n
 w

o
u
ld

 b
e to

 d
en

y
 th

e p
rem

ise th
at referen

ce m
u
st b

e

d
efin

ed
 in

 term
s o

f th
e d

isq
u
o
tatio

n
 sch

em
a.  B

u
t I w

ill try
 to

 sh
o
w

 th
at th

ere is an
o
th

er w
ay

aro
u
n
d
 h

is arg
u
m

en
t, w

h
ich

 m
ak

es sen
se o

f th
e in

d
eterm

in
acy

 in
 o

u
r o

w
n
 lan

g
u
ag

e in
d
ep

en
d
en

tly

o
f th

e th
eo

ry
 o

f referen
ce an

d
 th

erefo
re in

d
ep

en
d
en

tly
 o

f th
e issu

e o
f w

h
eth

er it is d
efin

ed

d
isq

u
o
tatio

n
ally.

P
u
ttin

g
 d

isq
u
o
tatio

n
alism

 asid
e, th

e id
ea th

at w
e sh

o
u
ld

 d
en

y
 th

e ex
isten

ce o
f

in
d
eterm

in
acy

 in
 o

u
r o

w
n
 lan

g
u
ag

e w
o
u
ld

 in
 an

y
 case ap

p
ear alm

o
st h

o
p
eless: fo

r su
rely

 o
rd

in
ary

v
ag

u
en

ess is a k
in

d
 o

f in
d
eterm

in
acy, an

d
 su

rely
 v

ag
u
en

ess is u
b
iq

u
ito

u
s?  B

u
t v

ag
u
en

ess itself can

seem
 p

ro
b
lem

atic: in
d
eed

, th
ere is a cen

tral p
ro

b
lem

 ab
o
u
t v

ag
u
en

ess, m
u
ch

 d
iscu

ssed
 in

 recen
t

y
ears, th

at p
u
ts L

eed
s’ w

o
rries in

to
 sh

arp
er fo

cu
s.  I’ll call it “W

illiam
so

n
’s p

u
zzle”, sin

ce h
e h

as

b
een

 a m
ain

 p
ro

p
o
n
en

t o
f it (W

illiam
so

n
 1

9
9
4
).  T

h
ere are p

eo
p
le w

h
o
 b

eliev
e th

is p
u
zzle to

 b
e so

serio
u
s as to

 cast d
o
u
b
t o

n
 w

h
eth

er th
e p

h
en

o
m

en
o
n
 o

f v
ag

u
en

ess, o
r o

f in
d
eterm

in
acy

 m
o
re

g
en

erally, can
 b

e g
en

u
in

e.  It w
ill b

e th
e su

b
ject o

f th
e rest o

f th
is p

ap
er, u

n
til th

e fin
al sectio

n

w
h
en

 I retu
rn

 to
 L

eed
s.

2.
W

illiam
so

n
’s p

u
zzle is th

at fo
r an

y
 q

u
estio

n
 w

h
atev

er, th
ere is a sim

p
le an

d
 straig

h
tfo

rw
ard

arg
u
m

en
t fo

r th
e co

n
clu

sio
n
 th

at it h
as a d

eterm
in

ate, o
b
jectiv

e, factu
al an

sw
er.  A

p
p
lied

 to
 an

o
rd

in
ary

 v
ag

u
en

ess case,  th
e arg

u
m

en
t g

o
es as fo

llo
w

s:

1
. Jo

e is rich
 o

r Jo
e is n

o
t rich

.

2
a. If Jo

e is rich
, th

en
 it is a (d

eterm
in

ate, o
b
jectiv

e) fact th
at Jo

e is rich
.

2
b
. If Jo

e is n
o
t rich

, th
en

 it is a (d
eterm

in
ate, o

b
jectiv

e) fact th
at Jo

e is n
o
t rich

.

3
. S

o
 it is a (d

eterm
in

ate, o
b
jectiv

e) fact th
at Jo

e is rich
 o

r it is a (d
eterm

in
ate, o

b
jectiv

e) fact th
at

Jo
e is n

o
t rich

.
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T
h
is am

o
u
n
ts to

 say
in

g
 th

at th
ere is a d

eterm
in

ate, o
b
jectiv

e fact o
f th

e m
atter as to

 w
h
eth

er Jo
e is

rich
.  A

n
 an

alo
g
o
u
s arg

u
m

en
t can

 o
f co

u
rse b

e g
iv

en
 ag

ain
st an

y
 claim

 o
f th

e fo
rm

 “th
ere is n

o

d
eterm

in
ate, o

b
jectiv

e fact o
f th

e m
atter as to

 w
h
eth

er p
”; so

 w
h
at w

e h
av

e h
ere g

en
eralizes in

to

an
 arg

u
m

en
t th

at th
ere can

 b
e n

o
 su

ch
 th

in
g
 as referen

tial in
d
eterm

in
acy.

In
d
eed

, th
e fo

rm
 o

f arg
u
m

en
t g

en
eralizes to

 cases th
at aren

’t o
b
v
io

u
sly

 cases o
f referen

tial

in
d
eterm

in
acy.  C

o
n
sid

er th
e fam

iliar id
ea th

at certain
 ev

alu
ativ

e d
eb

ates, o
r certain

 d
eb

ates ab
o
u
t

in
d
icativ

e o
r su

b
ju

n
ctiv

e co
n
d
itio

n
als, are “n

o
n
factu

al”.  O
n
e is tem

p
ted

 to
 say

 fo
r in

stan
ce th

at

th
ere is n

o
 o

b
jectiv

e fact o
f th

e m
atter as to

 w
h
ich

 k
in

d
 o

f ice cream
 is b

etter, ch
o
co

late o
r co

ffee,

an
d
 th

at th
ere is n

o
 o

b
jectiv

e fact o
f th

e m
atter as to

 w
h
eth

er B
izet an

d
 V

erd
i w

o
u
ld

 h
av

e b
een

F
ren

ch
 rath

er th
an

 Italian
 h

ad
 th

ey
 b

een
 co

m
p
atrio

ts.  If th
e arg

u
m

en
t is rig

h
t, n

eith
er th

ese n
o
r

an
y
 o

th
er claim

s o
f n

o
n
factu

ality
 m

ak
e an

y
 sen

se.  W
e h

av
e h

ere a v
ery

 p
o
w

erfu
l fo

rm
 o

f

arg
u
m

en
t.

T
h
ere are p

h
ilo

so
p
h
ers w

h
o
 accep

t th
is arg

u
m

en
t acro

ss th
e b

o
ard

; W
illiam

so
n
 h

im
self

seem
s to

 b
e o

n
e, th

o
u
g
h
 as far as I k

n
o
w

 h
e h

as n
ev

er d
iscu

ssed
 its im

p
licatio

n
s ex

cep
t in

 th
e

v
ag

u
en

ess case.  S
u
p
p
o
se th

at w
e h

av
e en

o
u
g
h
 in

fo
rm

atio
n
 ab

o
u
t Jo

e’s in
co

m
e, h

is assets, h
is

liab
ilities, th

e eco
n
o
m

y
 o

f h
is so

ciety, an
d
 so

 fo
rth

, to
 b

e co
n
fid

en
t th

at n
o
 fu

rth
er su

ch
 in

fo
rm

atio
n

co
u
ld

 h
elp

 u
s d

ecid
e w

h
eth

er h
e is rich

.  E
v
en

 so
, W

illiam
so

n
 an

d
 o

th
er “ep

istem
ic th

eo
rists” h

o
ld

,

th
ere is a fact o

f th
e m

atter as to
 w

h
eth

er h
e is rich

; it’s ju
st th

at w
e can

 n
ev

er k
n
o
w

.  P
u
t an

o
th

er

w
ay

: facts ab
o
u
t rich

n
ess, in

so
far as th

ey
 o

u
tru

n
 facts ab

o
u
t assets, liab

ilities an
d
 th

e lik
e, are

ep
istem

ically
 in

accessib
le to

 u
s, b

u
t th

ey
 are facts n

o
n
eth

eless (facts w
h
ich

 an
 o

m
n
iscien

t g
o
d

w
o
u
ld

 p
resu

m
ab

ly
 k

n
o
w

 ev
en

 th
o
u
g
h
 w

e can
’t).  S

im
ilarly, I assu

m
e, th

ere is an
 o

b
jectiv

e th
o
u
g
h

ep
istem

ically
 in

accessib
le fact as to

 w
h
eth

er it w
as m

ass o
r w

eig
h
t th

at p
re-N

ew
to

n
ian

 u
ses o

f

‘h
eav

in
ess’ sto

o
d
 fo

r.

T
o
 m

y
 m

in
d
, th

is p
o
sitio

n
 is b

ey
o
n
d
 b

elief.  E
p
istem

ic th
eo

rists so
m

etim
es accu

se th
o
se

w
h
o
 say

 th
ere is n

o
 fact o

f th
e m

atter o
f b

ein
g
 v

erificatio
n
ists.  B

u
t th

is ch
arg

e is to
tally

 o
ff th

e

m
ark

: in
 fact, w

h
at is w

ro
n
g
 w

ith
 the epistem

ic position
 is th

at lik
e v

erificatio
n
ism

 it b
lu

rs th
e

im
p
o
rtan

t d
istin

ctio
n
 b

etw
een

 th
e u

n
v
erifiab

le b
u
t factu

al an
d
 th

e n
o
n
factu

al.  T
h
at d

istin
ctio

n
 h

as

b
een

 cru
cial to

 scien
ce: fo

r in
stan

ce, L
o
ren

tz an
d
 E

in
stein

 ag
reed

 th
at q

u
estio

n
s ab

o
u
t th

e ab
so

lu
te

sim
u
ltan

eity
 o

f sp
acelik

e sep
arated

 o
b
jects are u

n
v
erifiab

le, b
u
t d

isag
reed

 as to
 w

h
eth

er th
ey

 w
ere

8

factu
al; an

d
 n

early
 ev

ery
o
n
e h

as assu
m

ed
 th

is d
ifferen

ce in
 th

eir p
o
sitio

n
s to

 b
e su

b
stan

tiv
e.  (T

h
e

d
ifferen

ce can
 b

e scien
tifically

 im
p
o
rtan

t: fo
r in

stan
ce, Jo

h
n
 B

ell (1
9
8
7
) ten

tativ
ely

 p
ro

p
o
sed

rev
iv

in
g
 L

o
ren

tz’s th
eo

ry
 so

m
e y

ears b
ack

, to
 p

ro
v
id

e a m
o
re satisfacto

ry
 in

terp
retatio

n
 o

f

q
u
an

tu
m

 m
ech

an
ics.)  S

im
ilarly, an

 im
p
o
rtan

t d
eb

ate in
 th

e in
terp

retatio
n
 o

f q
u
an

tu
m

 th
eo

ry
 h

as

b
een

 w
h
eth

er p
articles h

av
e d

eterm
in

ate p
o
sitio

n
 w

h
en

 a m
o
m

en
tu

m
 m

easu
rem

en
t is m

ad
e; h

ere it

is ag
reed

 o
n
 all sid

es th
at if th

ey
 d

o
, th

eir p
o
sitio

n
 at th

at tim
e is u

n
v
erifiab

le.  S
u
ch

 d
isp

u
tes asid

e,

th
ere are p

len
ty

 o
f ex

am
p
les w

h
ere o

u
r th

eo
ries d

ictate th
at certain

 in
tu

itiv
ely

 factu
al q

u
estio

n
s

co
u
ld

 n
ev

er b
e an

sw
ered

: e.g
., certain

 q
u
estio

n
s ab

o
u
t th

e d
etails o

f th
e in

terio
r o

f a sp
ecific b

lack

h
o
le in

 an
 in

d
eterm

in
istic u

n
iv

erse. 6  It seem
s b

ey
o
n
d
 b

elief th
at th

e q
u
estio

n
 o

f w
h
eth

er Jo
e is rich

,

o
r w

h
eth

er th
e p

re-N
ew

to
n
ian

s referred
 to

 w
eig

h
t rath

er th
an

 m
ass, is an

y
th

in
g
 lik

e th
at.

I h
av

e o
ccasio

n
ally

 h
eard

 p
ro

p
o
n
en

ts o
f th

e ep
istem

ic (n
o
-in

d
eterm

in
acy

) v
iew

 o
f

v
ag

u
en

ess co
n
ced

e th
at th

ere is a d
ifferen

ce b
etw

een
 v

ag
u
en

ess cases an
d
 th

e scien
tific ex

am
p
les,

b
u
t say

 th
at th

is d
o
esn

’t g
o
 ag

ain
st th

e ep
istem

ic v
iew

: th
ey

 say
 th

at th
e d

ifferen
ce b

etw
een

 th
e

tw
o
 so

rts o
f ex

am
p
les is th

at in
 th

e scien
tific cases it is m

erely
 physically  im

p
o
ssib

le (o
r im

p
o
ssib

le

according to our scientific theories) fo
r u

s to
 fin

d
 th

e an
sw

er, w
h
ereas in

 th
e v

ag
u
en

ess cases it is

conceptually  im
p
o
ssib

le fo
r u

s to
 d

o
 so

.  B
u
t I d

o
n
’t th

in
k
 th

at th
e ep

istem
ic th

eo
ry

 can
 b

e

d
efen

d
ed

 o
n
 th

is b
asis.

T
o
 see th

is, w
e n

eed
 to

 ask
 ju

st w
h
at is su

p
p
o
sed

 to
 b

e co
n
cep

tu
ally

 im
p
o
ssib

le in
 th

e

v
ag

u
en

ess case.  O
b
v
io

u
sly

 th
e claim

 can
’t b

e th
at it is co

n
cep

tu
ally

 im
p
o
ssib

le fo
r u

s to
 k

n
o
w

w
h
eth

er a certain
 p

erso
n
 is rich

: im
ag

in
e o

u
r d

isco
v
erin

g
 th

at th
e p

erso
n
 h

as b
illio

n
s h

id
d
en

 in

S
w

iss b
an

k
 acco

u
n
ts.  T

h
e th

ree m
o
st lik

ely
 altern

ativ
es are

(A
)

th
at it is co

n
cep

tu
ally

 im
p
o
ssib

le fo
r u

s to
 k

n
o
w

 w
h
eth

er a p
erso

n
 is rich

 g
iv

en
 th

at th
e

p
erso

n
 is a b

o
rd

erlin
e case o

f b
ein

g
 rich

;   

(B
) 

th
at it is co

n
cep

tu
ally

 im
p
o
ssib

le fo
r u

s to
 k

n
o
w

 w
h
eth

er a g
iv

en
 p

erso
n
 is rich

 g
iv

en
 th

at

th
e p

erso
n
’s fin

an
cial situ

atio
n
 is ... 

(w
h
ere th

e b
lan

k
s are o

f co
u
rse to

 b
e filled

 in
 in

 su
ch

 a w
ay

 th
at w

e w
o
u
ld

 in
tu

itiv
ely

 reg
ard

an
y
o
n
e fo

r w
h
o
m

 th
o
se d

etails w
ere tru

e as a b
o
rd

erlin
e case o

f b
ein

g
 rich

); an
d
 

(C
)

 th
at it is co

n
cep

tu
ally

 im
p
o
ssib

le fo
r u

s to
 k

n
o
w

 w
h
eth

er a g
iv

en
 p

erso
n
 is rich

 g
iv

en
 th

at

th
e p

erso
n
’s fin

an
cial situ

atio
n
 is ... an

d
 g

iv
en

 th
at w

e d
o
n
’t h

av
e an

y
 w

ay
 o

f ascertain
in

g
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rich
n
ess ex

cep
t v

ia fin
an

cial situ
atio

n
 and given that w

e don’t have any w
ay of determ

ining

w
hich side of the division betw

een the rich and the non-rich contains financial situation

....

In
 each

 o
f th

ese, th
e lo

cu
tio

n
 “p

 is co
n
cep

tu
ally

 im
p
o
ssib

le g
iv

en
 q

” sh
o
u
ld

 b
e in

terp
reted

 as

m
ean

in
g
 th

at th
e co

n
ju

n
ctio

n
 p

&
q
 is co

n
cep

tu
ally

 im
p
o
ssib

le.

(A
) h

as it th
at w

h
at is co

n
cep

tu
ally

 im
p
o
ssib

le is co
n
ju

n
ctio

n
s lik

e

(#
)

Jo
e is a b

o
rd

erlin
e case o

f b
ein

g
 rich

 an
d
 w

e k
n
o
w

 w
h
eth

er h
e is rich

.

B
u
t th

e claim
 th

at (#
) is co

n
cep

tu
ally

 im
p
o
ssib

le is rath
er u

n
co

n
tro

v
ersial, an

d
 o

f n
o
 u

se to
 th

e

ep
istem

ic th
eo

rist: its ex
p
lan

atio
n
 is (i) th

at ‘b
o
rd

erlin
e case o

f p
’ ju

st m
ean

s ‘case th
at isn

’t

d
eterm

in
ately

 p
 o

r d
eterm

in
ately

 n
o
t p

’; an
d
 (ii) th

at it is a co
n
cep

tu
al req

u
irem

en
t o

n
 k

n
o
w

led
g
e

th
at o

n
e can

’t k
n
o
w

 th
at p

 u
n
less it is d

eterm
in

ate th
at p

.  (T
h
e m

o
re co

m
m

o
n
ly

 cited
 co

n
cep

tu
al

req
u
irem

en
t th

at o
n
e can

’t k
n
o
w

 th
at p

 u
n
less p

 is a sp
ecial case.)  T

h
is ex

p
lan

atio
n
 o

f th
e

co
n
cep

tu
al im

p
o
ssib

ility
 o

f (#
) is av

ailab
le to

 th
e n

o
n
-ep

istem
ic th

eo
rist, fo

r it d
o
es n

o
t req

u
ire an

ep
istem

o
lo

g
ical ex

p
lan

atio
n
 o

f ‘d
eterm

in
ately

’; it d
o
es n

o
th

in
g
 to

 su
p
p
o
rt th

e ep
istem

ic th
eo

ry.

 A
n
o
th

er w
ay

 to
 p

u
t th

e p
o
in

t is to
 n

o
tice th

at ev
en

 so
m

eo
n
e w

h
o
 th

o
u
g
h
t th

at y
o
u
 co

u
ld

ex
p
lain

 th
e n

o
tio

n
 o

f a b
o
rd

erlin
e case in

 term
s o

f th
e physical  im

p
o
ssib

ility
 o

f k
n
o
w

in
g
 w

o
u
ld

reco
g
n
ize th

e triv
ial co

n
cep

tu
al im

p
o
ssib

ility
 o

f (#
): (#

) w
o
u
ld

 h
o
ld

 b
ecau

se o
f th

e an
aly

sis o
f

b
o
rd

erlin
e case in

 term
s o

f th
e p

h
y
sical im

p
o
ssib

ility
 o

f k
n
o
w

in
g
 an

d
 th

e triv
ial co

n
cep

tu
al

im
p
o
ssib

ility
 o

f

(#
#

)
It is physically  im

p
o
ssib

le fo
r u

s to
 k

n
o
w

 w
h
eth

er Jo
e is rich

 an
d
 w

e k
n
o
w

 w
h
eth

er h
e is

rich
.

(N
o
te th

at y
o
u
 co

u
ld

 rep
lace ‘Jo

e is rich
’ b

y
 a statem

en
t ab

o
u
t th

e in
terio

r o
f a b

lack
 h

o
le in

 (#
#
)

w
ith

o
u
t lo

sin
g
 th

e co
n
cep

tu
al im

p
o
ssib

ility, so
 th

at th
e alleg

ed
 d

istin
ctio

n
 b

etw
een

 th
e tw

o
 k

in
d
s o

f

ex
am

p
les w

o
u
ld

 n
o
t arise o

n
 th

is in
terp

retatio
n
.)

T
h
e case o

f (C
) is sim

ilar: su
re, it is co

n
cep

tu
ally

 im
p
o
ssib

le th
at w

e k
n
o
w

 th
at Jo

e is rich

given the absence of any faculties by w
hich w

e could find out , b
u
t sim

ilarly
 w

e h
av

e n
o
 w

ay
 o

f

k
n
o
w

in
g
 th

e d
etails o

f th
e in

terio
r o

f th
e b

lack
 h

o
le g

iv
en

 th
e ab

sen
ce o

f an
y
 facu

lties b
y
 w

h
ich

 w
e

co
u
ld

 fin
d
 o

u
t (fo

r in
stan

ce, g
iv

en
 th

at w
e h

av
e n

o
 d

irect facu
lty

 o
f p

erceiv
in

g
 th

e in
terio

r o
f th

e

1
0

b
lack

 h
o
le b

y
 ex

tra-p
h
y
sical m

ean
s).  

If th
ere is an

y
 h

o
p
e fo

r u
sin

g
 th

e d
istin

ctio
n
 b

etw
een

 co
n
cep

tu
al an

d
 p

h
y
sical im

p
o
ssib

ility

to
 d

efen
d
 th

e ep
istem

ic th
eo

ry, it m
u
st b

e b
y
 tak

in
g
 th

e relev
an

t co
n
cep

tu
al im

p
o
ssib

ility
 o

f

k
n
o
w

led
g
e to

 b
e o

f th
e so

rt (B
).  B

u
t th

e o
n
ly

 w
ay

 fo
r (B

) to
 b

e co
n
cep

tu
ally

 n
ecessary

 is fo
r it to

b
e co

n
cep

tu
ally

 n
ecessary

 th
at w

e not h
av

e th
e facu

lties m
en

tio
n
ed

 in
 (C

).  C
o
u
ld

 th
at b

e a

co
n
cep

tu
al n

ecessity
?   P

erh
ap

s: m
ay

b
e it is co

n
cep

tu
ally

 n
ecessary

 th
at if Jo

e’s fin
an

cial situ
atio

n

is ... th
en

 th
ere is n

o
 fact (o

r n
o
 d

eterm
in

ate fact) as to
 w

h
eth

er Jo
e is rich

, in
 w

h
ich

 case w
e co

u
ld

u
se th

e co
n
cep

tu
al n

ecessity
 n

o
ted

 u
n
d
er (A

) to
 arg

u
e th

at it is co
n
cep

tu
ally

 im
p
o
ssib

le to
 k

n
o
w

w
h
eth

er Jo
e is rich

 (o
r to

 h
av

e facu
lties fo

r k
n
o
w

in
g
 it).  In

 o
th

er w
o
rd

s, certain
 k

in
d
s o

f non -

ep
istem

ic th
eo

rists co
u
ld

 h
o
ld

 it co
n
cep

tu
ally

 im
p
o
ssib

le th
at w

e h
av

e su
ch

 facu
lties.  B

u
t h

o
w

co
u
ld

 an
 epistem

ic theorist  h
o
ld

 th
is?  A

fter all, th
e ep

istem
ic th

eo
rist tak

es th
e q

u
estio

n
 o

f

w
h
eth

er p
eo

p
le in

 Jo
e’s fin

an
cial situ

atio
n
 are rich

 to
 b

e a m
atter o

f d
eterm

in
ate fact; th

e claim
 th

at

w
e h

av
e n

o
 m

ean
s to

 d
etect su

ch
 a fact m

u
st th

en
 b

e v
iew

ed
 as a m

ed
ical lim

itatio
n
 o

n
 o

u
r p

art,

n
o
t a co

n
cep

tu
al n

ecessity.  O
f co

u
rse, th

is is a h
o
p
elessly

 u
n
in

tu
itiv

e w
ay

 to
 v

iew
 th

e lim
itatio

n
,

b
u
t th

at is ju
st to

 say
 th

at th
e ep

istem
ic v

iew
 is h

o
p
elessly

 u
n
in

tu
itiv

e.

3.
If w

h
at I h

av
e said

 is rig
h
t, th

en
 th

e in
itial arg

u
m

en
t 1

-3
 h

as a false co
n
clu

sio
n
, so

 it m
u
st

g
o
 w

ro
n
g
 so

m
ew

h
ere.  B

u
t w

h
ere?  T

h
ere are tw

o
 m

ain
 o

p
tio

n
s.  O

n
e is to

 say
 th

at P
rem

ise 1
 is

w
ro

n
g
: in

stan
ces o

f th
e law

 o
f ex

clu
d
ed

 m
id

d
le fail w

h
en

 th
e d

isju
n
cts lack

 d
eterm

in
ate tru

th
 v

alu
e. 

I’ll call th
is the no excluded m

iddle option
.  T

h
e o

th
er m

ain
 resp

o
n
se is to

 k
eep

 ex
clu

d
ed

 m
id

d
le

ev
en

 as ap
p
lied

 to
 v

ag
u
e o

r in
d
eterm

in
ate lan

g
u
ag

e, in
d
eed

 k
eep

 classical lo
g
ic g

en
erally

 fo
r su

ch

lan
g
u
ag

e, b
u
t to

 reject p
rem

ise (2
): ‘it is a d

eterm
in

ate fact th
at p

’ an
d
 ‘it is a d

eterm
in

ate fact th
at

n
o
t p

’ are g
en

u
in

e stren
g
th

en
in

g
 o

f ‘p
’ an

d
 ‘n

o
t p

’, an
d
 in

 cases o
f in

d
eterm

in
acy

 n
eith

er

stren
g
th

en
in

g
 h

o
ld

s ev
en

 th
o
u
g
h
 ex

clu
d
ed

 m
id

d
le h

o
ld

s.  I’ll call th
is the classical determ

inately

operator option
.

T
h
ere is also

 a  th
ird

 o
p
tio

n
: to

 k
eep

 b
o
th

 ex
clu

d
ed

 m
id

d
le an

d
 P

rem
ise (2

), b
u
t g

iv
e u

p
 th

e

in
feren

ce fro
m

 ‘p
 o

r q
’, ‘if p

 th
en

 r’ an
d
 ‘if q

 th
en

 r’ to
 ‘r’.  G

iv
in

g
 u

p
 th

at in
feren

ce m
ak

es

p
erfectly

 g
o
o
d
 sen

se if w
e read

 ‘if p
 th

en
 r’ in

 certain
 n

o
n
stan

d
ard

 w
ay

s: fo
r in

stan
ce, as D

pe
r o

r

D
pe

D
r, w

h
ere ‘D

’ m
ean

s ‘it is a d
eterm

in
ate fact th

at’ (an
d
 ‘qe

s’ ab
b
rev

iates ‘s o
r n

o
t q

’).  In
 th

at



1
1

case, th
e failu

re o
f th

e in
feren

ce is d
u
e to

 th
e g

ap
 b

etw
een

 ‘p
’ an

d
 ‘D

p
’: b

ecau
se o

f th
at g

ap
, ‘if p

th
en

 r’ in
 th

e stip
u
lated

 sen
se d

o
esn

’t im
p
ly

 ‘pe
r’, so

 w
e sh

o
u
ld

n
’t ex

p
ect th

e in
feren

ce to
 h

o
ld

. 

B
u
t clearly

 th
e rejectio

n
 o

f th
e in

feren
ce b

ased
 o

n
 su

ch
 a n

o
n
stan

d
ard

 read
in

g
 o

f ‘if...th
en

’ isn
’t

really
 a th

ird
 o

p
tio

n
, it is ju

st th
e seco

n
d
 o

p
tio

n
 (th

e g
ap

 b
etw

een
 ‘p

’ an
d
 ‘D

p
’) in

 d
isg

u
ise.  (I’ll

m
en

tio
n
 an

o
th

er n
o
n
stan

d
ard

 read
in

g
 o

f ‘if...th
en

’ later, w
h
ich

 also
 allo

w
s b

o
th

 ex
clu

d
ed

 m
id

d
le

an
d
 P

rem
ise (2

), an
d
 w

h
ich

 em
erg

es v
ery

 n
atu

rally
 in

 th
e d

ev
elo

p
m

en
t o

f th
e seco

n
d
 o

p
tio

n
.)  It is

fo
rm

ally
 p

o
ssib

le to
 reject th

e in
feren

ce ev
en

 g
iv

en
 th

e stan
d
ard

 read
in

g
 o

f ‘if p
 th

en
 r’ as ‘r o

r n
o
t

p
’, b

u
t (at least in

 th
e co

n
tex

t in
 w

h
ich

 ex
clu

d
ed

 m
id

d
le is accep

ted
) I th

in
k
 th

at th
is h

as little

ap
p
eal.  C

o
n
seq

u
en

tly, in
 th

e rest o
f th

e p
ap

er I w
ill fo

cu
s en

tirely
 o

n
 th

e first tw
o
 o

p
tio

n
s.  M

u
ch

o
f th

e rest o
f th

e p
ap

er w
ill b

e d
ev

o
ted

 to
 assessin

g
 th

eir resp
ectiv

e m
erits.

T
h
ere seem

s in
itially

 to
 b

e a g
reat d

eal to
 b

e said
 fo

r k
eep

in
g
 classical lo

g
ic, in

clu
d
in

g
 th

e

law
 o

f ex
clu

d
ed

 m
id

d
le.  F

o
r o

n
e th

in
g
, th

ere are a g
reat m

an
y
 d

ifferen
t altern

ativ
es to

 classical

lo
g
ic o

n
 w

h
ich

 ex
clu

d
ed

 m
id

d
le is ren

o
u
n
ced

, an
d
 if w

e are to
 ren

o
u
n
ce th

e u
se o

f ex
clu

d
ed

 m
id

d
le

in
 th

e co
n
tex

t o
f in

d
eterm

in
acy

 th
en

 w
e w

ill h
av

e to
 d

ecid
e b

etw
een

 th
em

.  S
eco

n
d
, if w

e are to

g
iv

e u
p
 ex

clu
d
ed

 m
id

d
le fo

r lan
g
u
ag

e th
at is v

ag
u
e o

r in
d
eterm

in
ate, th

en
 p

resu
m

ab
ly

 w
e sh

o
u
ld

g
iv

e it u
p
 as w

ell fo
r lan

g
u
ag

e th
at w

e th
in

k
 m

ight be  v
ag

u
e o

r in
d
eterm

in
ate: w

e sh
o
u
ld

 reaso
n
 in

a w
ay

 th
at d

o
esn

’t p
reju

d
g
e th

e issu
e o

f d
eterm

in
acy.  O

f co
u
rse it is reaso

n
ab

le to
 su

p
p
o
se th

at if,

w
h
ile reaso

n
in

g
 in

 a b
ro

ad
 lo

g
ic th

at d
o
esn

’t p
resu

p
p
o
se ex

clu
d
ed

 m
id

d
le, w

e co
n
clu

d
e th

at a

certain
 p

o
rtio

n
 o

f lan
g
u
ag

e is d
eterm

in
ate, th

en
 th

is reaso
n
in

g
 w

ill licen
se th

e u
se o

f ex
clu

d
ed

m
id

d
le in

 th
at co

n
tex

t.  B
u
t still, th

e b
ro

ad
er lo

g
ic th

at d
o
esn

’t p
resu

p
p
o
se ex

clu
d
ed

 m
id

d
le w

ill

n
eed

 to
 b

e tak
en

 as b
asic w

h
en

ev
er th

ere is a serio
u
s p

o
ssib

ility
 o

f v
ag

u
en

ess o
r in

d
eterm

in
acy

 in

th
e lan

g
u
ag

e.  A
 th

ird
 p

o
in

t is an
 ex

ten
sio

n
 o

f th
e seco

n
d
: it is arg

u
ab

le th
at th

ere are n
o
 sen

ten
ces

at all fo
r w

h
ich

 serio
u
s w

o
rries ab

o
u
t v

ag
u
en

ess an
d
 in

d
eterm

in
acy

 can
 b

e ex
clu

d
ed

; if so
, g

iv
in

g

u
p
 classical lo

g
ic in

 th
e case o

f v
ag

u
en

ess an
d
 in

d
eterm

in
acy

 w
o
u
ld

 seem
 to

 req
u
ire tak

in
g
 th

e

v
iew

 th
at no

 in
stan

ce o
f ex

clu
d
ed

 m
id

d
le A

 w
 ¬

A
 is ev

er strictly
 v

alid
 (ex

cep
t w

h
en

 A
 is v

alid
 o

r

¬
A

 is v
alid

), b
u
t alw

ay
s req

u
ires ju

stificatio
n
 th

at is to
 b

e g
iv

en
 in

 a lo
g
ic th

at d
o
esn

’t u
se ex

clu
d
ed

m
id

d
le an

y
w

h
ere.  A

n
d
 so

m
ew

h
at in

d
ep

en
d
en

t o
f th

e th
ird

 p
o
in

t th
ere is a fo

u
rth

: if w
e are to

 tak
e

serio
u
sly

 th
e id

ea th
at v

ag
u
en

ess o
r in

d
eterm

in
acy

 is a q
u
ite w

id
esp

read
 p

h
en

o
m

en
o
n
, th

en
 w

e

sh
o
u
ld

 co
n
sid

er th
e p

o
ssib

ility
 th

at th
e lan

g
u
ag

e in
 w

h
ich

 w
e d

iscu
ss th

e sem
an

tics o
f v

ag
u
e an

d

1
2

in
d
eterm

in
ate lan

g
u
ag

e w
ill itself b

e v
ag

u
e o

r in
d
eterm

in
ate; an

d
 th

en
 if classical lo

g
ic can

’t b
e

u
sed

 w
ith

 v
ag

u
e o

r in
d
eterm

in
ate lan

g
u
ag

e, w
e w

o
n
’t ev

en
 b

e ab
le to

 u
se classical lo

g
ic in

 m
eta-

th
eo

retic reaso
n
in

g
 ab

o
u
t th

e lo
g
ic o

f v
ag

u
e o

r in
d
eterm

in
ate lan

g
u
ag

e.  I d
o
n
’t say

 th
at an

y
 o

f th
is

is d
ecisiv

e, b
u
t it p

ro
v
id

es so
m

e m
o
tiv

atio
n
 fo

r tak
in

g
 th

e classical lo
g
ic o

p
tio

n
.

B
u
t th

ere are tw
o
 d

ifficu
lties w

ith
 it th

at m
u
st b

e o
v
erco

m
e b

efo
re th

e classical

d
eterm

in
ately

-o
p
erato

r o
p
tio

n
 can

 b
e d

eem
ed

 fu
lly

 satisfacto
ry.  B

efo
re d

iscu
ssin

g
 th

em
, let u

s set

asid
e a v

erb
al issu

e.  P
ro

p
o
n
en

ts o
f th

e d
eterm

in
ately

 o
p
erato

r o
p
tio

n
 d

iffer as to
 th

eir p
referred

u
se o

f ‘it is tru
e th

at p
’: so

m
e tak

e it as eq
u
iv

alen
t to

 ‘p
’ (call th

is the w
eak reading

), o
th

ers tak
e it

as eq
u
iv

alen
t to

 ‘it is a d
eterm

in
ate fact th

at p
’ (the strong reading

).  O
b
v
io

u
sly

 n
o
th

in
g
 can

 h
an

g

o
n
 w

h
eth

er w
e u

se th
e term

 ‘tru
e’ in

 its w
eak

 o
r its stro

n
g
 sen

se.  P
erh

ap
s th

e safest p
o
licy

 is to

in
tro

d
u
ce tw

o
 d

istin
ct w

o
rd

s, ‘tru
e

w ’ an
d
 ‘tru

e
s ’, fo

r th
ese n

o
tio

n
s.  O

f co
u
rse, if w

e u
se th

e stro
n
g

n
o
tio

n
 o

f tru
th

, w
e d

o
n
’t n

eed
 th

e d
eterm

in
ately

 o
p
erato

r in addition
: ‘it is tru

e th
at p

’ is ju
st

an
o
th

er w
ay

 o
f say

in
g
 ‘it is a d

eterm
in

ate fact th
at p

’, o
n
 th

e stro
n
g
 read

in
g
 o

f tru
e.  (S

o
 q

u
estio

n
s

ab
o
u
t th

e in
terp

retatio
n
 o

f ‘d
eterm

in
ately

’ can
 eq

u
ally

 b
e reg

ard
ed

 as q
u
estio

n
s ab

o
u
t th

e

in
terp

retatio
n
 o

f ‘tru
e’, o

n
 th

e stro
n
g
 read

in
g
 o

f ‘tru
e’.)

T
h
e first d

ifficu
lty

 w
ith

 th
e classical d

eterm
in

ately
-o

p
erato

r o
p
tio

n
 is a co

m
p
letely

 o
b
v
io

u
s

o
n
e: th

e o
p
erato

r ‘it is a d
eterm

in
ate fact th

at’ (‘d
eterm

in
ately

’, fo
r sh

o
rt) w

o
u
ld

 seem
 to

 req
u
ire

so
m

e so
rt o

f ex
p
lan

atio
n
.  (U

sin
g
 th

e term
 ‘it is tru

e th
at’ in

 p
lace o

f ‘d
eterm

in
ately

’ o
b
v
io

u
sly

w
o
u
ld

 so
lv

e n
o
th

in
g
: w

e’d
 b

e in
v
o
k
in

g
 a sen

se o
f ‘tru

e’ in
 w

h
ich

 ‘it is tru
e th

at p
’ isn

’t sim
p
ly

eq
u
iv

alen
t to

 ‘p
’, so

 an
 ex

p
lan

atio
n
 o

f th
is seem

s in
 o

rd
er.)  M

o
reo

v
er, th

e ex
p
lan

atio
n
 o

f

‘d
eterm

in
ately

 p
’ can

’t b
e an

y
th

in
g
 lik

e ‘p
, an

d
 w

e m
ig

h
t fin

d
 o

u
t th

at p
’, fo

r th
at w

o
u
ld

 co
llap

se

th
e d

eterm
in

ately
 o

p
erato

r v
iew

 in
to

 th
e ep

istem
ic v

iew
 th

at w
e h

av
e rejected

.  B
u
t th

en
, w

h
at is

th
e ex

p
lan

atio
n
?  It d

o
esn

’t seem
 at all easy

 to
 p

ro
v
id

e.  (O
f co

u
rse w

e can
 p

artly
 ex

p
lain

 it, b
y

citin
g
 certain

 law
s th

at it m
u
st o

b
ey

: fo
r in

stan
ce, stip

u
latin

g
 th

at it o
b
ey

s th
e law

s o
f th

e m
o
d
al

sy
stem

 T
, o

r S
4
, o

r S
5
.  B

u
t o

b
v
io

u
sly

 th
is is n

o
t n

early
 en

o
u
g
h
 to

 settle its m
ean

in
g
 u

n
iq

u
ely.) 

T
h
e m

o
st p

o
p
u
lar w

ay
 to

 try
 to

 ex
p
lain

 ‘d
eterm

in
ately

’ (o
r ‘tru

e’ in
 th

e stro
n
g
 sen

se) is th
e

su
p
erv

alu
atio

n
al ap

p
ro

ach
: ‘d

eterm
in

ately
 p

’ h
o
ld

s iff p
 is tru

e in
 all ad

m
issib

le in
terp

retatio
n
s o

f

th
e lan

g
u
ag

e.  B
u
t w

h
ich

 are th
e leg

itim
ate in

terp
retatio

n
s?  T

h
e sim

p
le-m

in
d
ed

 v
iew

 is th
at th

ere
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is o
n
ly

 o
n
e, th

e o
n
e in

 w
h
ich

 ‘rich
’ stan

d
s fo

r rich
 th

in
g
s, ‘C

lin
to

n
’s b

o
d
y
’ stan

d
s fo

r C
lin

to
n
’s

b
o
d
y, an

d
 so

 fo
rth

 ; if so
, ‘d

eterm
in

ately
 p

’ b
eco

m
es eq

u
iv

alen
t to

 ‘p
’, an

d
 th

ere is n
o

in
d
eterm

in
acy.  T

o
 av

o
id

 th
is, w

e m
u
st ap

p
aren

tly
 say

 so
m

eth
in

g
 lik

e th
is: J is a leg

itim
ate

in
terp

retatio
n
 o

f L
 iff eith

er it is th
e co

rrect in
terp

retatio
n
 o

f L
 o

r th
ere is n

o
 d

eterm
in

ate fact o
f

th
e m

atter as to
 w

h
eth

er it is th
e co

rrect in
terp

retatio
n
 o

f L
.  B

u
t if w

e say
 th

is w
e n

eed
 an

an
teced

en
t g

rasp
 o

f th
e id

ea o
f no determ

inate fact of the m
atter in

 ex
p
lain

in
g
 legitim

ate

interpretation
, so

 th
at w

h
en

 w
e th

en
 u

se th
e latter to

 ex
p
lain

 th
e fo

rm
er w

e are g
o
in

g
 in

 a circle. 

T
h
e circu

larity
 can

 b
e d

isg
u
ised

 a b
it m

o
re th

an
 I h

av
e d

o
n
e, b

u
t I d

o
n
’t see h

o
w

 to
 elim

in
ate it. 

F
o
r in

stan
ce, w

e m
ig

h
t say

 th
at th

e leg
itim

ate in
terp

retatio
n
s are th

o
se w

h
ich

 assig
n
 p

recisificatio
n
s

o
f p

red
icates in

 th
e o

rig
in

al lan
g
u
ag

e.  H
ere, a p

recisificatio
n
 o

f a p
red

icate is an
y
 set th

at co
n
tain

s

ev
ery

th
in

g
 th

at th
at p

red
icate d

eterm
in

ately
 ap

p
lies to

 an
d
 co

n
tain

s n
o
th

in
g
 th

at it d
eterm

in
ately

fails to
 ap

p
ly

 to
; th

in
g
s o

f w
h
ich

 th
e p

red
icate is in

d
eterm

in
ate (th

at is, o
f w

h
ich

 it n
eith

er

d
eterm

in
ately

 ap
p
lies to

 n
o
r d

eterm
in

ately
 fails to

 ap
p
ly

 to
) w

ill b
e in

 so
m

e p
recisificatio

n
s b

u
t n

o
t

o
th

ers.  I’v
e ju

st ex
p
lain

ed
 ‘p

recisificatio
n
’ in

 term
s o

f ‘d
eterm

in
ate’, an

d
 n

o
 o

th
er ex

p
lan

atio
n
 is

o
b
v
io

u
s, so

 th
e ex

p
lan

atio
n
 o

f ‘d
eterm

in
ate’ in

 term
s o

f ‘p
recisificatio

n
’ (v

ia th
e in

term
ed

iate

n
o
tio

n
 o

f ‘leg
itim

ate in
terp

retatio
n
’) is n

o
t all th

at h
elp

fu
l in

 th
e en

d
.

T
h
at’s th

e first w
o
rry

 ab
o
u
t th

e attem
p
t to

 p
o
sit in

d
eterm

in
acy

 w
h
ile k

eep
in

g
 classical

lo
g
ic.  I th

in
k
 it is a fairly

 serio
u
s o

n
e.  In

d
eed

, I b
eliev

e th
at if o

n
e su

p
p
o
ses th

at th
e o

n
ly

 w
ay

 to

reso
lv

e th
e first w

o
rry

 is to
 p

ro
v
id

e a r eductive ex
p
lan

atio
n
 o

f d
eterm

in
aten

ess, o
n
e w

ill h
av

e to

co
n
clu

d
e th

at th
e first w

o
rry

 is to
tally

 irreso
lv

ab
le.  B

u
t I th

in
k
 th

at th
e d

em
an

d
 fo

r a red
u
ctiv

e

ex
p
lan

atio
n
 is u

n
reaso

n
ab

le: after all, w
e can

’t g
iv

e a red
u
ctiv

e acco
u
n
t o

f n
eg

atio
n
, b

u
t th

at

d
o
esn

’t m
ean

 w
e d

o
n
’t th

o
ro

u
g
h
ly

 u
n
d
erstan

d
 it.  W

h
at w

e o
u
g
h
t to

 w
an

t, I th
in

k
, is an

 acco
u
n
t o

f

th
e co

n
cep

tu
al ro

le o
f th

e n
o
tio

n
 w

h
ich

 in
 so

m
e lo

o
se sen

se th
at I w

ill n
o
t try

 to
 m

ak
e p

recise

“fix
es its m

ean
in

g
 clo

se to
 u

n
iq

u
ely

”.  (I say
 “clo

se to
” b

ecau
se w

e o
u
g
h
t to

 allo
w

 th
at th

e n
o
tio

n

itself b
e in

d
eterm

in
ate.)  B

u
t th

e first p
ro

b
lem

 h
as certain

ly
 n

o
t d

isap
p
eared

: it is n
o
t at all clear

h
o
w

 to
 g

iv
e th

e n
eed

ed
 sp

ecificatio
n
 o

f th
e co

n
cep

tu
al ro

le.  T
h
e m

o
d
al law

s th
at g

o
v
ern

 th
is

o
p
erato

r are far fro
m

 fix
in

g
 th

e sen
se u

n
iq

u
ely, an

d
 it seem

s u
n
clear w

h
at to

 ad
d
 to

 th
em

.  (I

sh
o
u
ld

 ad
d
 th

at w
h
at w

e m
u
st ex

p
lain

 isn
’t ju

st th
e co

n
cep

tu
al ro

le o
f assertio

n
s o

f fo
rm

 ‘it is

d
eterm

in
ate th

at p
’, b

u
t o

f o
th

er co
n
stru

ctio
n
s in

 w
h
ich

 ‘d
eterm

in
ately

 p
’ is em

b
ed

d
ed

: m
o
st

1
4

n
o
tab

ly, o
f ‘it is n

o
t d

eterm
in

ate th
at p

’.)  L
et’s leav

e th
e m

atter h
ere fo

r n
o
w

, an
d

 g
o

 o
n

 to
 th

e

seco
n
d
 w

o
rry.

T
h
e seco

n
d
 w

o
rry

 is th
at ev

en
 if w

e h
ad

 a clear u
n
d
erstan

d
in

g
 o

f ju
st h

o
w

 ‘d
eterm

in
ately

 p
’

is su
p
p
o
sed

 to
 stren

g
th

en
 ‘p

’, it is n
o
t at all clear th

at w
e w

o
u
ld

 b
e d

o
n
e: o

n
e co

u
ld

 still raise th
e

q
u
estio

n
 o

f h
o
w

 th
e p

u
rp

o
rted

 fact th
at it is n

eith
er d

eterm
in

ately
 th

e case th
at p

 n
o
r d

eterm
in

ately

th
e case th

at n
o
t-p

 is su
p
p
o
sed

 to
 sh

o
w

 w
h
y
 it’s m

isg
u
id

ed
 to

 ev
en

 sp
ecu

late w
h
eth

er o
r n

o
t p

. 

A
n
d
 th

is p
ro

b
lem

 seem
s esp

ecially
 acu

te g
iv

en
 th

at b
y
 classical lo

g
ic (w

h
ich

 th
e v

iew
 assu

m
es)

eith
er p

 o
r n

o
t-p

. 

O
n
e id

ea fo
r try

in
g
 to

 ad
d
ress b

o
th

 o
f th

e w
o
rries at o

n
ce (su

g
g
ested

 in
 F

ield
 1

9
9
4
b
) is to

sim
p
ly

 p
o
stu

late th
at p

art o
f th

e co
n
cep

tu
al ro

le o
f ‘d

eterm
in

ately
’ is th

at w
e reg

ard
 it as

m
isg

u
id

ed
 to

 sp
ecu

late ab
o
u
t q

u
estio

n
s th

at w
e tak

e to
 h

av
e n

o
 d

eterm
in

ate an
sw

ers.  A
s it stan

d
s,

th
is seem

s feeb
le.  O

n
e co

u
ld

 try
 to

 d
isg

u
ise th

e feeb
len

ess b
y
 u

sin
g
 th

e lo
cu

tio
n
 ‘tru

e th
at’ in

 p
lace

o
f ‘d

eterm
in

ately
’ (in

 th
e stro

n
g
 sen

se, o
n
 w

h
ich

 ‘it is tru
e th

at p
’ is n

o
t eq

u
iv

alen
t to

 ‘p
’).  In

 th
is

term
in

o
lo

g
y, th

e id
ea w

o
u
ld

 b
e th

at th
o
u
g
h
 eith

er p
 o

r n
o
t p

, still it is n
eith

er tru
e th

at p
 n

o
r tru

e

th
at n

o
t p

, an
d
 w

h
at w

e are p
o
stu

latin
g
 is th

at it is m
isg

u
id

ed
 to

 sp
ecu

late ab
o
u
t q

u
estio

n
s th

at

h
av

e n
o
 tru

e an
sw

ers.  A
lth

o
u
g
h
 th

e p
o
stu

late m
ay

 so
u
n
d
 b

etter w
h
en

 p
u
t th

is w
ay, I th

in
k
 th

at it

can
’t b

e: if th
e p

o
stu

late is feeb
le w

ith
 o

n
e term

in
o
lo

g
y
 it is feeb

le w
ith

 th
e o

th
er.  (P

resu
m

ab
ly

 th
e

v
iew

 so
u
n
d
s b

etter w
h
en

 p
u
t th

is w
ay

 o
n
ly

 b
ecau

se th
e an

alo
g
o
u
s claim

 ab
o
u
t w

eak
 tru

th
 is so

u
n
co

n
ten

tio
u
s.) 

W
h
y
 ex

actly
 d

o
es it seem

 feeb
le to

 sim
p
ly

 b
u
ild

 in
to

 th
e co

n
cep

tu
al ro

le o
f ‘d

eterm
in

ately
’

th
at it is m

isg
u
id

ed
 to

 sp
ecu

late ab
o
u
t q

u
estio

n
s th

at w
e tak

e to
 h

av
e n

o
 d

eterm
in

ate an
sw

ers? 

T
h
e reaso

n
, I th

in
k
, is th

at n
eith

er o
f th

e o
rig

in
al w

o
rries seem

s fu
lly

 an
sw

ered
.  W

ith
 reg

ard
 to

 th
e

first w
o
rry, th

e p
ro

b
lem

 is th
at u

n
less m

o
re is said

 ab
o
u
t th

e w
ay in

 w
h
ich

 w
e reg

ard
 it as

m
isg

u
id

ed
 to

 sp
ecu

late ab
o
u
t w

h
eth

er Jo
e is rich

, w
e d

o
n
’t cap

tu
re th

e sen
se in

 w
h
ich

 th
is q

u
estio

n

is in
d
eterm

in
ate.  (T

h
ere is a sen

se in
 w

h
ich

 w
e m

ay
 reg

ard
 it as m

isg
u
id

ed
 to

 sp
ecu

late ab
o
u
t

q
u
estio

n
s w

h
o
se an

sw
ers can

 clearly
 n

ev
er b

e d
isco

v
ered

, b
u
t if th

at w
ere th

e sen
se in

 q
u
estio

n
 w

e

w
o
u
ld

 b
e b

ack
 in

 th
e ep

istem
ic v

iew
.  In

 an
o
th

er sen
se, w

e m
ay

 reg
ard

 it as m
isg

u
id

ed
 to

 sp
ecu

late

ab
o
u
t q

u
estio

n
s th

at p
eo

p
le w

ill lau
g
h
 at u

s fo
r ask

in
g
, b

u
t th

at w
o
u
ld

 b
e ev

en
 w

o
rse at cap

tu
rin

g
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th
e sen

se o
f in

d
eterm

in
acy

 w
e w

an
t.)  It m

ay
 w

ell seem
 th

at th
e o

n
ly

 h
o
p
e fo

r ex
p
lain

in
g
 th

e

relev
an

t sen
se o

f “m
isg

u
id

ed
n
ess” is b

y
 say

in
g
 “m

isg
u
id

ed
 b

ecau
se an

y
 an

sw
er is g

o
in

g
 b

ey
o
n
d
 th

e

d
eterm

in
ate facts”.  O

b
v
io

u
sly

 if th
at w

ere th
e b

est w
e co

u
ld

 d
o
 th

en
 it w

o
u
ld

 b
e g

ro
ssly

 circu
lar

to
 u

se th
e m

isg
u
id

ed
n
ess in

 an
 attem

p
t to

 clarify
 ‘d

eterm
in

ately
’.

T
h
e seco

n
d
 w

o
rry

 d
o
esn

’t seem
 fu

lly
 an

sw
ered

 eith
er.  T

ru
e, if w

e co
u
ld

 fill o
u
t o

u
r

resp
o
n
se to

 th
e first w

o
rry

 alo
n
g
 th

e lin
es su

g
g
ested

 w
e w

o
u
ld

 h
av

e b
u
ilt in

to
 th

e id
ea o

f

in
d
eterm

in
acy

 th
at it is m

isg
u
id

ed
 to

 sp
ecu

late o
n
 th

e an
sw

ers to
 q

u
estio

n
s w

h
o
se an

sw
ers are

in
d
eterm

in
ate.  B

u
t w

e w
o
u
ld

 n
o
t h

av
e ad

d
ressed

 th
e w

o
rry

 th
at th

is sits ill w
ith

 th
e accep

tan
ce o

f

classical lo
g
ic (in

 p
articu

lar ex
clu

d
ed

 m
id

d
le, esp

ecially
 in

 co
n
ju

n
ctio

n
 w

ith
 n

o
n
-co

n
trad

ictio
n
). 

D
o
esn

’t accep
tin

g
 th

at eith
er Jo

n
es is b

ald
 o

r Jo
n
es is n

o
t b

ald
, b

u
t n

o
t b

o
th

, so
m

eh
o
w

 p
u
ll th

e

carp
et o

u
t o

f th
e v

iew
 th

at in
 th

e in
ten

d
ed

 sen
se it is m

isg
u
id

ed
 to

 sp
ecu

late w
h
eth

er Jo
n
es is b

ald
?

D
esp

ite th
ese d

o
u
b
ts, I th

in
k
 th

ere is so
m

e h
o
p
e fo

r th
e id

ea o
f b

u
ild

in
g
 in

to
 th

e co
n
cep

tu
al

ro
le o

f ‘d
eterm

in
ately

’ th
at it is m

isg
u
id

ed
 to

 sp
ecu

late ab
o
u
t th

e an
sw

ers to
 q

u
estio

n
s o

n
e reg

ard
s

as h
av

in
g
 n

o
 d

eterm
in

ate an
sw

ers.  I w
ill m

ak
e an

 effo
rt to

 d
o
 so

 in
 S

ectio
n
s 5

 an
d
 6

, b
u
t first I

w
an

t to
 say

 so
m

eth
in

g
 ab

o
u
t th

e ex
ten

t to
 w

h
ich

 o
u
r p

ro
b
lem

s w
o
u
ld

 b
e lessen

ed
 w

ere w
e to

ab
an

d
o
n
 ex

clu
d
ed

 m
id

d
le fo

r lan
g
u
ag

e th
at is o

r m
ig

h
t b

e v
ag

u
e o

r in
d
eterm

in
ate.

4.
A

 fu
ll d

iscu
ssio

n
 o

f th
e “n

o
 ex

clu
d
ed

 m
id

d
le o

p
tio

n
” w

o
u
ld

 b
e d

ifficu
lt, b

ecau
se th

ere are

m
an

y
 d

ifferen
t n

o
n
-classical lo

g
ics in

 w
h
ich

 ex
clu

d
ed

 m
id

d
le is ab

an
d
o
n
ed

 as a g
en

eral p
rin

cip
le,

an
d
 d

ifferen
t co

n
sid

eratio
n
s ap

p
ly

 to
 d

ifferen
t o

n
es.  B

u
t let u

s m
ak

e o
n
e im

p
o
rtan

t d
iv

isio
n
:

b
etw

een
 lo

g
ics in

 w
h
ich

 it is p
o
ssib

le to
 reject certain

 in
stan

ces o
f ex

clu
d
ed

 m
id

d
le w

ith
o
u
t

h
o
p
eless in

co
n
sisten

cy, an
d
 th

o
se in

 w
h
ich

 th
at is n

o
t so

 b
u
t n

o
n
eth

eless certain
 in

stan
ces are not

assertable.  I’ll call th
e fo

rm
er “rad

ically
 n

o
n
classical” an

d
 th

e latter “m
o
d
erately

 n
o
n
classical”

(th
o
u
g
h
 th

ese lab
els co

u
ld

 b
e m

islead
in

g
 in

 a n
u
m

b
er o

f w
ay

s).

In
 o

n
e resp

ect th
e rad

ically
 n

o
n
-classical lo

g
ics are m

o
re n

atu
ral in

 d
ealin

g
 w

ith
 v

ag
u
en

ess:

th
ey

 g
iv

e a n
eater ex

p
lan

atio
n
 o

f th
e id

ea o
f in

d
eterm

in
acy

 (o
r o

f a b
o
rd

erlin
e case).  T

o
 say

 th
at

Jo
e is a b

o
rd

erlin
e case o

f rich
n
ess is sim

p
ly

 to
 say

 th
at it is n

o
t th

e case th
at eith

er Jo
e is rich

 o
r

Jo
e is n

o
t rich

.   B
u
t th

ere is a co
st: d

en
y
in

g
 in

stan
ces o

f ex
clu

d
ed

 m
id

d
le in

 th
is w

ay
 req

u
ires a

fairly
 rad

ical rev
isio

n
 o

f lo
g
ic: eith

er o
n
e th

at d
isallo

w
s th

e in
feren

ce fro
m

 n
o
t-(p

 o
r q

) to
 n

o
t-p

1
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an
d
/o

r th
e co

rresp
o
n
d
in

g
 in

feren
ce to

 n
o
t-q

, o
r o

n
e th

at allo
w

s th
e sim

u
ltan

eo
u
s assertio

n
 b

o
th

 o
f

r an
d
 o

f n
o
t-r.  (R

easo
n
: fro

m
 n

o
t-(p

 o
r n

o
t-p

), th
e in

feren
ces g

iv
e u

s n
o
t-p

 an
d
 n

o
t-n

o
t-p

; tak
e r

to
 b

e n
o

t-p
.)  

I d
o
n
’t say

 th
at su

ch
 a rad

ical rev
isio

n
 o

f lo
g
ic is o

u
t o

f th
e q

u
estio

n
.  T

h
e first o

f th
e tw

o

su
b
p
o
ssib

ilities, in
 th

e stro
n
g
 fo

rm
 o

f d
en

y
in

g
 th

e in
feren

ce fro
m

 n
o
t-(p

 o
r q

) both
 to

 n
o

t-p
 and

 to

n
o
t-q

, seem
s in

itially
 q

u
ite n

atu
ral in

 th
e co

n
tex

t o
f v

ag
u
en

ess: ‘A
 o

r B
’ can

 w
ith

 so
m

e p
lau

sib
ility

b
e tak

en
 to

 m
ean

 so
m

eth
in

g
 lik

e ‘it is eith
er d

eterm
in

ate th
at A

 o
r it is d

eterm
in

ate th
at B

’, in

w
h
ich

 case it is clear th
at th

e in
feren

ce fro
m

 n
o
t-(p

 o
r q

) to
 n

o
t-p

 (an
d
 also

 to
 n

o
t-q

)  should
 fail. 

B
u
t if w

e literally
 p

ro
p
o
se th

is as a read
in

g
 o

f ‘o
r’, th

e v
iew

 is o
n
ly

 term
in

o
lo

g
ically

 d
ifferen

t fro
m

th
e classical d

eterm
in

ately
 o

p
erato

r v
iew

: it is in
 effect sim

p
ly

 th
e p

ro
p
o
sal th

at in
stead

 o
f tak

in
g

‘A
 o

r B
’ as m

ean
in

g
 ¬

(¬
A

 &
 ¬

B
), w

e sh
o
u
ld

 tak
e it as m

ean
in

g
 ¬

(¬
D

A
 &

 ¬
D

B
), w

h
ere D

 is th
e

d
eterm

in
ately

 o
p
erato

r.  (N
o
te th

at it w
ill d

o
 n

o
 g

o
o
d
 to

 th
en

 k
ick

 aw
ay

 th
e lad

d
er o

f th
e

d
eterm

in
ately

 o
p
erato

r, an
d
 sim

p
ly

 u
se ‘o

r’ as if  it w
ere d

efin
ed

 in
 th

is w
ay

: fo
r w

e co
u
ld

rein
tro

d
u
ce ‘D

’ b
y
 d

efin
in

g
 D

A
 as “A

 o
r A

”, an
d
 w

e co
u
ld

 rein
tro

d
u
ce classical d

isju
n
ctio

n
 as w

ell

b
y
 d

efin
in

g
 it in

 term
s o

f n
eg

atio
n
 an

d
 co

n
ju

n
ctio

n
.)  C

learly
 a g

en
u
in

e altern
ativ

e to
 classical lo

g
ic

req
u
ires m

essin
g
 w

ith
 ‘n

o
t’ o

r ‘an
d
’ (o

r b
o
th

) as w
ell as w

ith
 ‘o

r’.  O
n
ce th

ese p
o
in

ts are

ap
p
reciated

, th
e first o

f th
e tw

o
 su

b
p
o
ssib

ilities m
en

tio
n
ed

 in
 th

e last p
arag

rap
h
 lo

o
k
s far less

p
ro

m
isin

g
, an

d
 th

e b
est h

o
p
e (fo

r th
e rad

ical n
o
n
classicist) w

o
u
ld

 seem
 to

 b
e w

ith
 allo

w
in

g
 th

e

sim
u
ltan

eo
u
s assertio

n
 o

f b
o
th

 p
 an

d
 n

o
t-p

.  A
s m

u
ch

 recen
t d

iscu
ssio

n
 h

as sh
o
w

n
 (e.g

. P
riest

1
9
9
8
), it is p

o
ssib

le to
 d

ev
elo

p
 in

terestin
g
 lo

g
ics in

 w
h
ich

 assertin
g
 b

o
th

 p
 an

d
 n

o
t-p

 (an
d
 ev

en
,

assertin
g
 th

eir co
n
ju

n
ctio

n
) is n

o
t “h

o
p
elessly

 in
co

n
sisten

t”, th
at is, w

h
ere th

is d
o
esn

’t im
p
ly

ev
ery

th
in

g
.  A

s far as I am
 aw

are h
o
w

ev
er, n

o
 su

ch
 “p

araco
n
sisten

t lo
g
ic” h

as fo
u
n
d
 v

ery
 u

sefu
l

ap
p
licatio

n
 in

 co
n
n
ectio

n
 w

ith
 v

ag
u
en

ess.  T
h
ere is certain

ly
 m

o
re to

 b
e said

 h
ere, b

u
t I w

ill n
o
t

p
u
rsu

e th
e m

atter fu
rth

er in
 th

is p
ap

er.

T
u
rn

in
g
 to

 th
e m

o
d
erate v

iew
s, h

o
w

 d
o
 th

ey
 ex

p
lain

 th
e id

ea o
f Jo

e b
ein

g
 a b

o
rd

erlin
e case

o
f rich

n
ess?  A

 m
o
d
erate v

iew
 w

ill h
av

e it th
at w

h
ile w

e sh
o
u
ld

n
’t accep

t th
e d

isju
n
ctio

n
 ‘Jo

e is

rich
 o

r Jo
e is n

o
t rich

’, w
e sh

o
u
ld

n
’t d

en
y
 it eith

er; an
d
 it is lik

ely
 to

 ex
p
lain

 th
e in

ap
p
ro

p
riaten

ess

o
f o

u
r assertin

g
 it b

y
 say

in
g
 th

at it isn
’t tru

e.  B
u
t fo

r th
is to

 m
ak

e sen
se, ‘tru

e’ m
u
st m

ean
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so
m

eth
in

g
 lik

e ‘d
eterm

in
ately

 tru
e’: if it m

ean
t ‘tru

e’ in
 th

e classical sen
se in

 w
h
ich

 “‘p
’ is tru

e” is

eq
u
iv

alen
t to

 “p
”, th

en
 w

e co
u
ld

n
’t d

en
y
 th

e tru
th

 o
f th

e d
isju

n
ctio

n
 w

ith
o
u
t d

en
y
in

g
 th

e

d
isju

n
ctio

n
 itself.   S

im
ilarly, th

e v
iew

 w
ill lik

ely
 h

o
ld

 th
at w

e sh
o
u
ld

 d
en

y
 th

e d
isju

n
ctio

n
 “‘Jo

e is

rich
’ is tru

e o
r false”, w

h
ere ‘false’ is tak

en
 to

 m
ean

 ‘h
as a tru

e n
eg

atio
n
’.  A

g
ain

 th
is sh

o
w

s th
at

fo
r eith

er ‘Jo
e is rich

’ o
r its n

eg
atio

n
 o

r b
o
th

, th
e attrib

u
tio

n
 o

f tru
th

 to
 th

e claim
 is n

o
t b

ein
g

reg
ard

ed
 as eq

u
iv

alen
t to

 th
e claim

 itself; ‘it is tru
e th

at’ is ju
st a d

eterm
in

ately
 o

p
erato

r u
n
d
er

an
o
th

er n
am

e.  If ren
am

in
g
 ‘it is d

eterm
in

ate th
at’ as ‘it is tru

e th
at’ so

lv
ed

 th
e p

h
ilo

so
p
h
ical

p
ro

b
lem

s, w
e co

u
ld

 h
av

e d
o
n
e th

at in
 th

e classical case as w
ell. 

S
o
 if th

e g
o
al is to

 av
o
id

 a sp
ecial n

o
n
classical n

o
tio

n
 o

f tru
th

 th
at am

o
u
n
ts to

 a n
o
tio

n
 o

f

d
eterm

in
ate tru

th
, each

 in
stan

ce o
f ex

clu
d
ed

 m
id

d
le m

u
st g

o
 h

an
d
 in

 h
an

d
 w

ith
 th

e claim
 th

at th
at

in
stan

ce is tru
e, an

d
 also

 w
ith

 th
e claim

 th
at o

n
e o

f its d
isju

n
cts is tru

e: eith
er w

e d
o
n
’t d

en
y
 an

y
 o

f

th
e th

ree o
r w

e d
en

y
 th

em
 all.  B

u
t th

e m
o
d
erate th

eo
rist can

’t d
en

y
 all th

ree: n
o
t d

en
y
in

g
 ex

clu
d
ed

m
id

d
le w

as w
h
at m

ad
e h

im
 m

o
d
erate.  A

n
d
 it seem

s w
h
o
lly

 u
n
satisfacto

ry
 to

 say
 th

at in
 cases o

f

in
d
eterm

in
acy

 w
e d

o
n
’t d

en
y
 an

y
 o

f th
e th

ree: after all, th
e o

n
ly

 o
b
v
io

u
s w

ay
 to

 assert th
at th

e

ex
am

p
le is an

 ex
am

p
le o

f in
d
eterm

in
acy, w

ith
o
u
t u

sin
g
 a p

rim
itiv

e n
o
tio

n
 o

f d
eterm

in
aten

ess, is to

assert th
at n

eith
er it n

o
r its n

eg
atio

n
 is tru

e.  (A
 p

erso
n
’s u

n
w

illin
g
n
ess to

 assert ‘Jo
e is rich

 o
r Jo

e

is n
o
t rich

’ w
o
u
ld

n
’t co

n
v
ey

 to
 u

s th
at h

e reg
ard

s ‘Jo
e is rich

’ as in
d
eterm

in
ate: it w

o
u
ld

 co
n
v
ey

o
n
ly

 th
at h

e d
o
esn

’t k
n
o
w

 th
at ‘Jo

e is rich
’ is d

eterm
in

ate.) 

T
h
e m

o
ral is clear: if o

n
e g

iv
es u

p
 ex

clu
d
ed

 m
id

d
le in

 m
erely

 th
e m

o
d
erate w

ay, o
n
e h

as

ju
st as m

u
ch

 n
eed

 o
f a d

eterm
in

ately
 o

p
erato

r as d
o
es th

e (n
o
n
-ep

istem
icist) ad

v
o
cate o

f ex
clu

d
ed

m
id

d
le.  S

h
o
u
ld

 w
e co

n
clu

d
e fro

m
 th

is th
at th

ere is n
o
 p

o
in

t to
 ab

an
d
o
n
in

g
 ex

clu
d
ed

 m
id

d
le fo

r

v
ag

u
en

ess w
ith

o
u
t d

en
y
in

g
 in

stan
ces o

f ex
clu

d
ed

 m
id

d
le?  T

h
at w

o
u
ld

 b
e to

o
 q

u
ick

.  W
e can

safely
 co

n
clu

d
e, I th

in
k
, th

at th
e n

eed
 to

 explain
 th

e d
eterm

in
ately

 o
p
erato

r (o
r if y

o
u
 p

refer, th
e

true that  o
p
erato

r) is ju
st as g

reat o
n
 th

e m
o
d
erate n

o
-ex

clu
d
ed

-m
id

d
le v

iew
 as it is o

n
 th

e classical

lo
g
ic v

iew
.  B

u
t p

erh
ap

s th
e ex

p
lan

atio
n
 w

ill b
e easier?  O

n
e m

ig
h
t th

in
k
 th

is im
p
o
ssib

le: m
o
d
erate

n
o
n
-classical lo

g
ic is p

resu
m

ab
ly

 a w
eak

en
in

g
 o

f classical lo
g
ic, an

d
 if y

o
u
 can

’t ex
p
lain

 th
e

o
p
erato

r w
ith

 a stro
n
g
er lo

g
ic at y

o
u
r d

isp
o
sal, h

o
w

 co
u
ld

 y
o
u
 ex

p
ect to

 w
ith

 o
n
ly

 a w
eak

er lo
g
ic? 
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B
u
t th

at arg
u
m

en
t o

v
erlo

o
k
s th

e fact th
at th

e d
eterm

in
ately

 o
p
erato

r o
n
e n

eed
s in

 th
e n

o
n
classical

case is slig
h
tly

 d
ifferen

t th
an

 th
e o

n
e th

at is n
eed

ed
 classically

: in
 p

articu
lar, in

 th
e n

o
n
classical case

th
e o

p
erato

r w
ill o

b
ey

 th
e law

 D
(A

 w
 B

) iff D
A

 w
 D

B
.  If th

e lo
g
ic ad

m
its th

e d
eM

o
rg

an
 law

s an
d

d
o
u
b
le n

eg
atio

n
 elim

in
atio

n
 an

d
 th

e co
n
d
itio

n
al can

 b
e d

efin
ed

 aw
ay, th

en
 th

is law
, to

g
eth

er w
ith

th
e co

rresp
o
n
d
in

g
 law

 fo
r co

n
ju

n
ctio

n
 (w

h
ich

 h
o
ld

s fo
r th

e classical o
p
erato

r as w
ell), allo

w
s u

s to

p
u
t ev

ery
 sen

ten
ce in

to
 an

 eq
u
iv

alen
t n

o
rm

al fo
rm

 w
ith

 th
e fo

llo
w

in
g
 featu

re: ‘e
’ d

o
esn

’t o
ccu

r at

all, an
d
 n

o
 o

ccu
rren

ce o
f eith

er ‘¬
’ o

r ‘D
’ h

as an
 o

ccu
rren

ce o
f eith

er ‘&
’ o

r ‘w
’ in

 its sco
p
e.  (In

o
th

er w
o
rd

s, if a generalized atom
ic sentence is o

n
e b

u
ilt fro

m
 ato

m
ic sen

ten
ces u

sin
g
 o

n
ly

 D
 an

d

¬
, th

en
 a norm

alized sentence  is o
n
e b

u
ilt b

y
 co

n
ju

n
ctio

n
 an

d
 d

isju
n
ctio

n
 fro

m
 g

en
eralized

 ato
m

ic

sen
ten

ces.)  In
d
eed

, w
e can

 n
o
rm

alize a b
it fu

rth
er, b

y
 d

isallo
w

in
g
 co

n
secu

tiv
e o

ccu
rren

ces o
f ‘¬

’;

an
d
 if th

e an
alo

g
 o

f th
e S

4
 law

 is assu
m

ed
, as I w

ill, th
en

 w
e can

 also
 d

isallo
w

 co
n
secu

tiv
e

o
ccu

rren
ces o

f ‘D
’.   G

iv
en

 th
is, w

e can
 fu

lly
 ex

p
lain

 assertio
n
s an

d
 d

en
ials o

f d
eterm

in
aten

ess if

w
e can

 ex
p
lain

 assertio
n
s o

f th
e fo

rm
 D

A
, ¬

D
A

, D
¬

A
, ¬

D
¬

A
; D

¬
D

A
, ¬

D
¬

D
A

, D
¬

D
¬

A
,

¬
D

¬
D

¬
A

, an
d
 so

 fo
rth

, w
h
ere A

 is ato
m

ic.  S
o
 w

e h
av

e red
u
ced

 th
e p

ro
b
lem

 o
f ex

p
lain

in
g
 th

e

n
o
tio

n
 o

f d
eterm

in
aten

ess q
u
ite co

n
sid

erab
ly. 

 B
u
t w

e certain
ly

 h
av

en
’t elim

in
ated

 it: ev
en

 if w
e p

u
t th

e “h
ig

h
er o

rd
er” sen

ten
ces asid

e,

th
ere is still th

e p
ro

b
lem

 o
f ex

p
lain

in
g
 w

h
at it m

ean
s to

 assert th
at ¬

D
(Jo

e is rich
) an

d
 ¬

D
¬

(Jo
e is

rich
).  (A

lso
, w

h
at it m

ean
s to

 conjectur e th
at th

e co
rresp

o
n
d
in

g
 th

in
g
s m

ight b
e th

e case fo
r S

am
.) 

A
n
d
 h

ere I th
in

k
 th

at th
e m

o
d
erate

7 n
o
-ex

clu
d
ed

-m
id

d
le th

eo
rist is n

o
 b

etter o
ff th

an
 th

e classical

th
eo

rist.A
d
m

itted
ly, th

e classical th
eo

rist h
ad

 an
o
th

er p
ro

b
lem

: th
e ap

p
aren

t o
d
d
ity

 o
f say

in
g
 th

at it

is m
isg

u
id

ed
 to

 sp
ecu

late w
h
eth

er Jo
e is rich

 (w
h
en

 w
e b

eliev
e Jo

e to
 b

e a b
o
rd

erlin
e case) w

h
ile at

th
e sam

e tim
e say

in
g
 th

at o
f co

u
rse b

y
 classical lo

g
ic eith

er h
e is rich

 o
r h

e isn
’t.  T

h
e n

o
-ex

clu
d
ed

-

m
id

d
le th

eo
rist o

b
v
io

u
sly

 av
o
id

s this  p
ro

b
lem

, fo
r h

e d
o
esn

’t h
o
ld

 th
at eith

er Jo
e is rich

 o
r isn

’t.  I

tak
e th

is to
 b

e a serio
u
s m

o
tiv

atio
n
 fo

r g
iv

in
g
 u

p
 ex

clu
d
ed

 m
id

d
le in

 th
e co

n
tex

t o
f v

ag
u
en

ess an
d

in
d
eterm

in
acy.

S
till, th

e p
ro

b
lem

 o
f ex

p
lain

in
g
 assertio

n
s an

d
 co

n
jectu

res o
f d

eterm
in

aten
ess an

d
 o

f

in
d
eterm

in
aten

ess rem
ain

s; an
d
 as stressed

 earlier, th
e n

o
n
classical lo

g
ic o

p
tio

n
 h

as its o
w

n
 co

sts. 



1
9

S
o
 let u

s n
o
w

 g
o
 b

ack
 to

 th
e classical d

eterm
in

ately
-o

p
erato

r o
p
tio

n
, an

d
 see if w

e can
 o

v
erco

m
e

th
e p

ro
b
lem

s w
e h

av
e fo

u
n
d
 w

ith
 it.

5.
L

et u
s retu

rn
 to

 th
e id

ea b
riefly

 m
en

tio
n
ed

 earlier: th
at it is p

art o
f th

e co
n
cep

tu
al ro

le o
f

‘d
eterm

in
ately

’ th
at it is m

isg
u
id

ed
 to

 sp
ecu

late ab
o
u
t th

e an
sw

ers to
 q

u
estio

n
s th

at o
n
e reg

ard
s as

h
av

in
g
 n

o
 d

eterm
in

ate an
sw

ers.  I arg
u
ed

 b
efo

re th
at say

in
g
 ju

st th
is, w

ith
o
u
t say

in
g
 an

y
th

in
g
 else,

w
as feeb

le.  W
h
at I w

an
t to

 d
o
 n

o
w

 is to
 ad

d
 to

 it in
 a w

ay
 th

at w
ill m

ak
e it less feeb

le.  T
h
e

ap
p
ro

ach
 th

at I w
ill ad

o
p
t to

 d
o
in

g
 th

is is in
flu

en
ced

 b
y
 S

ch
iffer 1

9
9
8
, b

u
t m

y
 p

ro
p
o
sal w

ill b
e v

ery

d
ifferen

t fro
m

 h
is in

 d
etails.

M
y
 ap

p
ro

ach
 (lik

e S
ch

iffer’s) w
ill b

e to
 lo

o
k
 at a m

o
d
el o

f an
 id

ealized
 ep

istem
ic ag

en
t,

an
d
 to

 ex
p
lain

 h
o
w

 su
ch

 an
 ag

en
t m

ig
h
t h

av
e d

ifferen
t attitu

d
es to

w
ard

 sen
ten

ces o
r p

ro
p
o
sitio

n
s

th
at h

e reg
ard

s as p
o
ten

tially
 in

d
eterm

in
ate th

an
 to

w
ard

 sen
ten

ces o
r p

ro
p
o
sitio

n
s th

at h
e reg

ard
s

as d
eterm

in
ate b

u
t d

ifficu
lt o

r im
p
o
ssib

le to
 an

sw
er.  (I sp

eak
 o

f ‘p
o
ten

tially
 in

d
eterm

in
ate’ rath

er

th
an

 ‘in
d
eterm

in
ate’ b

ecau
se a sen

ten
ce lik

e ‘S
am

 is rich
’ n

eed
s to

 b
e h

an
d
led

 carefu
lly

 ev
en

 w
h
en

th
e ag

en
t reg

ard
s it as m

erely
 p

o
ssib

le th
at S

am
 is a b

o
rd

erlin
e case.)  T

o
 sim

p
lify

 th
in

g
s, I’ll

su
p
p
o
se th

at th
e ag

en
t’s lan

g
u
ag

e L
 is q

u
an

tifier-free: it is b
u
ilt u

p
 fro

m
 ato

m
ic sen

ten
ces b

y
 th

e

tru
th

 fu
n
ctio

n
al o

p
erato

rs p
lu

s th
e o

p
erato

r D
.

W
h
at are o

u
r id

ealized
 ep

istem
ic ag

en
ts to

 b
e lik

e?  O
n
e stan

d
ard

 id
ealized

 m
o
d
el o

f an

ep
istem

ic ag
en

t is th
at p

ro
v
id

ed
 b

y
 th

e cru
d
e B

ay
esian

 p
ictu

re, acco
rd

in
g
 to

 w
h
ich

 an
 id

ealized

ag
en

t h
as p

o
in

t-v
alu

ed
 d

eg
rees o

f b
elief in

 ev
ery

 sen
ten

ce o
f h

is lan
g
u
ag

e an
d
 th

ey
 satisfy

 th
e law

s

o
f p

ro
b
ab

ility. 8  T
h
is m

ak
es sen

se (as a cru
d
e id

ealizatio
n
) w

h
en

 th
e ag

en
t d

o
es n

o
t reco

g
n
ize an

y

p
o
ten

tial fo
r v

ag
u
en

ess o
r in

d
eterm

in
acy

 in
 h

is o
w

n
 sen

ten
ces, b

u
t I d

o
n
’t th

in
k
 it o

b
v
io

u
s th

at th
e

reco
g
n
itio

n
 o

f th
e p

o
ssib

ility
 o

f v
ag

u
en

ess o
r in

d
eterm

in
acy

 sh
o
u
ld

 leav
e it u

n
affected

.  I p
ro

p
o

se a

g
en

eralizatio
n
 o

f it, w
h
ich

 w
ill h

av
e th

e B
ay

esian
 th

eo
ry

 as a sp
ecial case fo

r sen
ten

ces th
at th

e

ag
en

t treats as n
o
t ev

en
 p

o
ten

tially
 in

d
eterm

in
ate: m

o
re ex

actly, th
e B

ay
esian

 th
eo

ry
 w

ill h
o
ld

 in

th
e su

b
lan

g
u
ag

e g
en

erated
 fro

m
 sen

ten
ces A

 su
ch

 th
at th

e ag
en

t fu
lly

 b
eliev

es “E
ith

er it is

d
eterm

in
ate th

at A
 o

r it is d
eterm

in
ate th

at ¬
A

”. 9

It is b
o
th

 h
eu

ristically
 u

sefu
l an

d
 m

ath
em

atically
 sim

p
ler to

 start w
ith

 a p
ro

b
ab

ility
 fu

n
ctio

n

P
 an

d
 co

n
stru

ct a fu
n
ctio

n
 Q

 fro
m

 it th
at n

eed
 n

o
t o

b
ey

 th
e law

s o
f p

ro
b
ab

ility
; I w

ill tak
e th

e

2
0

resu
ltin

g
 Q

 to
 b

e ap
p
ro

p
riate as a d

eg
ree o

f b
elief fu

n
ctio

n
.  (I w

ill leav
e o

p
en

 w
h
eth

er th
ere m

ay

b
e o

th
er ap

p
ro

p
riate d

eg
ree o

f b
elief fu

n
ctio

n
s n

o
t co

n
stru

ctib
le in

 th
is w

ay.)  P
 sh

o
u
ld

 b
e th

o
u
g
h
t

o
f as sim

p
ly

 a fictitio
u
s au

x
iliary

 u
sed

 fo
r o

b
tain

in
g
 Q

.  (T
h
e d

eg
rees o

f b
elief th

at Q
 assig

n
s w

ill b
e

v
ery

 d
ifferen

t fro
m

 th
e “v

ag
u
en

ess related
 d

eg
rees o

f p
artial b

elief” th
at S

ch
iffer h

as p
ro

p
o
sed

.) 

It sh
o
u
ld

 g
o
 alm

o
st w

ith
o
u
t say

in
g
 th

at in
 talk

in
g
 ab

o
u
t a p

ro
b
ab

ility
 fu

n
ctio

n
 P

 in
 th

e

p
resen

t co
n
tex

t, w
e sh

o
u
ld

 assu
m

e th
at th

e p
ro

b
ab

ility
 fu

n
ctio

n
 is co

n
strain

ed
 in

 th
e o

b
v
io

u
s w

ay

b
y
 th

e lo
g
ic o

f th
e o

p
erato

r D
, w

h
ich

 (fo
r reaso

n
s th

at w
ill em

erg
e) I w

ill tak
e to

 b
e S

4
, o

r m
o
re

cau
tio

u
sly, a n

o
rm

al m
o
d
al lo

g
ic M

 th
at is at least as stro

n
g
 as S

4
.  S

o
 m

o
re ex

p
licitly, I assu

m
e

(I) 
If B

 is p
ro

v
ab

le in
 M

 th
en

 P
(B

) =
 1

.

A
lso

, it is n
atu

ral to
 assu

m
e  

(II) 
If P

(A
)=

1
 th

en
 P

(D
A

)=
1
.  

It fo
llo

w
s fro

m
 th

e first assu
m

p
tio

n
 th

at if A
1 , ..., A

n  en
tail B

 in
 th

e stro
n
g
 sen

se th
at A

1  &
 ... &

 A
n

e
 B

 is v
alid

 in
 M

, th
en

 P
(A

1  &
 ... &

 A
n ) #

 P
(B

).   It fo
llo

w
s fro

m
 th

e tw
o
 to

g
eth

er th
at if A

1 , ..., A
n

en
tail B

 o
n
 th

e w
eak

er n
o
tio

n
 o

f en
tailm

en
t in

 w
h
ich

 A
 en

tails D
A

, an
d
 if P

(A
1  &

 ... &
 A

n ) =
1
, th

en

P
(B

)=
1

.W
h
at featu

res d
o
 w

e w
an

t Q
 to

 h
av

e?  F
irst, w

e w
ill w

an
t (I) an

d
 (II) to

 h
o
ld

 fo
r Q

 as w
ell

as P.  S
eco

n
d
, w

e w
ill w

an
t it to

 b
e th

e case th
at w

h
en

ev
er P

 tak
es A

 n
o
t to

 b
e p

o
ten

tially

in
d
eterm

in
ate [th

at is, w
h
en

 P
(D

A
) =

 P
(A

) an
d
 P

(D
¬

A
)=

P
(¬

A
)], th

en
 Q

(A
)=

P
(A

) an
d

Q
(¬

A
)=

P
(¬

A
); an

d
 co

n
v
ersely, th

at w
h
en

 P
 tak

es A
 to

 b
e p

o
ten

tially
 in

d
eterm

in
ate th

en
 eith

er

P
(A

) d
ep

arts fro
m

 Q
(A

), o
r P

(¬
A

) d
ep

arts fro
m

 Q
(¬

A
), o

r b
o
th

.  B
u
t th

ere is a co
m

p
letely

o
b
v
io

u
s w

ay
 to

 ach
iev

e th
ese g

o
als: sim

p
ly

 su
p
p
o
se th

at fo
r an

y
 sen

ten
ce B

 o
f th

e lan
g
u
ag

e, Q
(B

)

is P
(D

B
). 

W
h
at are th

e co
n
seq

u
en

ces o
f th

is?  L
et A

 b
e ‘S

am
 is rich

’ (o
r th

e p
ro

p
o
sitio

n
 th

at it

ex
p
resses in

 a g
iv

en
 co

n
tex

t–
see p

rev
io

u
s n

o
te), an

d
 su

p
p
o
se th

at th
e ag

en
t’s p

ro
b
ab

ility
 fu

n
ctio

n

P
 assig

n
s d

eg
rees q

+ , q
–

,  an
d
 q

0  resp
ectiv

ely
 to

 ‘D
A

’, ‘D
¬

A
’, an

d
 ‘¬

D
A

 &
 ¬

D
¬

A
’.  S

in
ce th

ese

th
ree sen

ten
ces are ex

clu
siv

e an
d
 ex

h
au

stiv
e, th

e th
ree n

u
m

b
ers m

u
st ad

d
 to

 1
.  B

u
t th

en
 sin

ce

Q
(A

)=
P

(D
A

) an
d
 Q

(¬
A

)=
P

(D
¬

A
), w

e w
ill g

et th
at Q

(A
) +

 Q
(¬

A
) =

 1
–
q

0 .  If th
e ag

en
t is fairly

co
n
fid

en
t th

at S
am

 is a b
o
rd

erlin
e case, q

0  w
ill b

e clo
se to

 1
, an

d
 w

e w
ill h

av
e a stro

n
g
 d

ev
iatio

n



2
1

fro
m

 classical p
ro

b
ab

ility.  If th
e ag

en
t d

o
esn

’t k
n
o
w

 S
am

 v
ery

 w
ell, o

r k
n
o
w

s h
im

 to
 b

e secretiv
e

ab
o
u
t h

is fin
an

ces, q
0  w

ill b
e m

o
d
erate an

d
 th

e d
ev

iatio
n
 fro

m
 classical p

ro
b
ab

ility
 w

ill b
e less

ex
trem

e.  A
n
d
 if fo

r so
m

e reaso
n
 th

e ag
en

t is co
m

p
letely

 co
n
fid

en
t th

at S
am

 is d
efin

itely
 rich

 o
r

d
efin

itely
 n

o
t rich

, ev
en

 if h
e d

o
esn

’t k
n
o
w

 w
h
ich

, th
en

 th
ere w

ill b
e n

o
 d

ev
iatio

n
 fro

m
 classical

p
ro

b
ab

ility
 at all.  

B
u
t th

o
u
g
h
 th

is v
iew

 licen
ses d

ep
artu

res fro
m

 classical p
ro

b
ab

ility, it d
o
es n

o
t licen

se

d
ep

artu
res fro

m
 classical lo

g
ic.  F

o
r sin

ce A
 w

 ¬
A

 is a classical lo
g
ical tru

th
, D

(A
w

¬
A

) is p
ro

v
ab

le

in
 o

u
r m

o
d
al lo

g
ic, so

 o
u
r p

ro
b
ab

ility
 fu

n
ctio

n
 w

ill g
iv

e it v
alu

e 1
. S

o
 Q

(A
 w

 ¬
A

) w
ill also

 b
e 1

,

w
h
atev

er th
e th

ree q
-v

alu
es are; th

at is, A
 w

 ¬
A

 g
ets d

eg
ree o

f b
elief 1

 ev
en

 w
h
en

 th
e d

eg
rees o

f

b
elief in

 th
e d

isju
n
cts su

m
s to

 less th
an

 1
.  T

h
e classical law

 fo
r th

e p
ro

b
ab

ility
 o

f d
isju

n
ctio

n
s w

ith

m
u
tu

ally
 ex

clu
siv

e d
isju

n
cts d

o
es n

o
t h

o
ld

 fo
r d

eg
rees o

f b
elief in

 th
e co

n
tex

t w
h
ere v

ag
u
en

ess is

allo
w

ed
.T
h
e d

isju
n
ctio

n
 o

f th
e m

u
tu

ally
 ex

clu
siv

e claim
s ‘D

A
’, ‘D

¬
A

’, an
d
 ‘¬

D
A

 &
 ¬

D
¬

A
’ is also

a tau
to

lo
g
y, so

 th
e Q

-v
alu

e o
f th

is d
isju

n
ctio

n
 is 1

; b
u
t ag

ain
 th

e d
isju

n
cts n

eed
n
’t su

m
 to

 1
 (u

n
less

th
e m

o
d
al lo

g
ic is stren

g
th

en
ed

 to
 S

5
).  T

h
e S

4
 law

 d
o
es req

u
ire th

at th
e first tw

o
 d

isju
n
cts g

et Q
-

v
alu

es q
+  an

d
 q

–  resp
ectiv

ely, b
u
t th

e Q
-v

alu
e o

f ‘¬
D

A
 &

 ¬
D

¬
A

’ can
 b

e less th
an

 q
0 .  F

o
r in

 S
4
,

th
e p

o
ssib

ilities in
 w

h
ich

 ¬
D

A
 &

 ¬
D

¬
A

 h
o
ld

 su
b
d
iv

id
e as fo

llo
w

s:

(B
+

)
¬

D
A

 &
 D

¬
D

¬
A

 &
 ¬

D
¬

D
A

[“B
o
rd

erlin
e p

o
sitiv

e”]

(B
–

)
¬

D
¬

A
 &

 D
¬

D
A

 &
 ¬

D
¬

D
¬

A
[“B

o
rd

erlin
e n

eg
ativ

e”]

(D
0

)
D

¬
D

A
 &

 D
¬

D
¬

A
[“D

efin
itely

 in
d
eterm

in
ate”]

(H
I)

¬
D

¬
D

A
 &

 ¬
D

¬
D

¬
A

[“H
o
p
elessly

 in
d
eterm

in
ate”]

(In
 case (H

I) S
am

 is n
eith

er d
efin

itely
 rich

, d
efin

itely
 n

o
t rich

, n
o
r d

efin
itely

 b
o
rd

erlin
e; th

is seem
s

to
 m

e a g
o
o
d
 d

escrip
tio

n
 o

f m
an

y
 situ

atio
n
s.)  If r

B
+ , r

B
– , r

D
0 , an

d
 r

H
I  are th

e p
ro

b
ab

ilities th
at P

assig
n
s to

 th
ese, th

en
 th

ey
 m

u
st su

m
 to

 q
0 .   M

o
reo

v
er, each

 o
f th

e fo
u
r statem

en
ts is co

n
sisten

t in

S
4
, so

 each
 o

f th
e r-v

alu
es can

 b
e n

o
n
zero

.  B
u
t Q

(¬
D

A
 &

 ¬
D

¬
A

) is P
(D

(¬
D

A
&

¬
D

¬
A

)), w
h
ich

b
y
 S

4
 m

u
st b

e P
(D

¬
D

A
 &

 D
¬

D
¬

A
), i.e. r

D
0 .  S

o
 th

e Q
-v

alu
es o

f o
u
r th

ree d
isju

n
cts ad

d
 to

1
–

r
B

+ –
r

B
– –

r
H

I .

S
im

ilarly, Q
(¬

D
A

) is P
(D

¬
D

A
), w

h
ich

 in
sp

ectio
n
 o

f th
e ab

o
v
e rev

eals to
 b

e 1
–
q

+ –
r

B
+ –

r
H

I ;

so
 w

e h
av

e 

2
2

Q
(¬

D
A

) #
 1

 –
 Q

(A
), 

w
ith

 th
e in

eq
u
ality

 strict u
n
less b

o
th

 r
B

+  an
d
 r

H
I  are 0

.  S
o

 th
o

u
g

h
 Q

(D
A

 w
 ¬

D
A

) is o
f co

u
rse 1

,

Q
(D

A
) +

 Q
(¬

D
A

) is m
erely

 1
–
 r

B
+ –

r
H

I .  A
n
alo

g
o
u
sly, Q

(D
¬

A
) +

 Q
(¬

D
¬

A
) is o

n
ly

 1
–
 r

B
– –

r
H

I . 

W
h
at th

is su
g
g
ests, o

f co
u
rse, is th

at fo
r an

 ag
en

t to
 tr eat A

 as potentially indeterm
inate is

fo
r h

im
 to

 h
av

e d
eg

rees o
f b

elief in
 it an

d
 its n

eg
atio

n
 th

at ad
d
 to

 less th
an

 1
.  W

e can
 also

 call th
is

potential first or der indeterm
inacy, an

d
 th

en
 g

en
eralize: an

 ag
en

t treats A
 as potentially (k+

1)
st

order indeterm
inate iff h

e treats b
o
th

 D
A

 an
d
 D

¬
A

 as p
o
ten

tially
 k

th o
rd

er in
d
eterm

in
ate.  It is

o
b
v
io

u
s th

at p
o
ten

tial (k
+

1
)

st o
rd

er in
d
eterm

in
acy

 req
u
ires p

o
ten

tial k
th o

rd
er in

d
eterm

in
acy, an

d

easy
 to

 see th
at if th

ere is p
o
ten

tial in
d
eterm

in
acy

 in
 a sen

ten
ce B

 w
ith

 a ch
ain

 o
f k

 o
ccu

rren
ce o

f

‘D
’, each

 in
 th

e sco
p
e o

f th
e p

rev
io

u
s m

em
b
er o

f th
e ch

ain
, th

en
 th

ere m
u
st b

e at least k
th o

rd
er

in
d
eterm

in
acy

 in
 o

n
e o

f th
e ato

m
ic sen

ten
ces in

 B
.  N

o
te carefu

lly
 th

at w
ith

 m
er ely first o

rd
er

in
d
eterm

in
acy

 in
 A

, w
e h

av
e th

at Q
(¬

D
A

) is ju
st 1

–
 Q

(A
): th

e first o
rd

er in
d
eterm

in
acy

 co
m

es o
u
t

in
 th

ese b
ein

g
 less th

an
 Q

(¬
A

).  B
u
t w

ith
 seco

n
d
 o

rd
er in

d
eterm

in
acy, w

e ty
p
ically

 h
av

e th
at

Q
(¬

D
A

) <
 1

 –
 Q

(A
) an

d
 Q

(¬
D

¬
A

) <
 1

–
 Q

(¬
A

), th
o
u
g
h
 w

e m
ay

 o
n
 o

ccasio
n
 h

av
e ju

st o
n
e o

f

th
ese.

It is triv
ial to

 v
erify

 th
at if A

1 , ..., A
n  en

tail B
 in

 S
4
 (in

 th
e stro

n
g
 sen

se m
en

tio
n
ed

 ab
o
v
e,

co
rresp

o
n
d
in

g
 to

 a d
eriv

atio
n
 w

h
ere th

e ru
le A

/D
A

 is ap
p
lied

 o
n
ly

 to
 th

e ax
io

m
s o

f T
), th

en
 Q

(A
1

&
 ... &

 A
n ) #

 Q
(B

).  A
n
d
 th

e co
n
clu

sio
n
 o

f th
e W

illiam
so

n
 arg

u
m

en
t, D

A
 w

 D
¬

A
, h

as Q
-v

alu
e

1
–
q

0 .  C
o
n
seq

u
en

tly, th
e co

n
ju

n
ctio

n
 o

f th
e p

rem
ises A

 e
 D

A
 an

d
 ¬

A
 e

 D
¬

A
 can

 h
av

e a Q
-v

alu
e

n
o
 h

ig
h
er th

an
 1

–
q

0 ; in
d
eed

, it is easy
 to

 see th
at th

e v
alu

e is ex
actly

 1
–
q

0 .  (T
h
e v

alu
es o

f th
e tw

o

co
n
ju

n
cts isn

’t d
eterm

in
ed

 b
y
 th

e q
’s an

d
 r’s:  w

e can
 o

n
ly

 say
 th

at Q
(A

 e
 D

A
) is in

 th
e in

terv
al

[1
–

q
0 , 1

–
q

0 +
r

B
+ +

r
H

I ], an
d
 Q

(¬
A

 e
 D

¬
A

) is in
 th

e in
terv

al [1
–
q

0 , 1
–

q
0 +

r
B

– +
r

H
I ].)

  
It is in

stru
ctiv

e to
 d

efin
e co

n
d
itio

n
al Q

-v
alu

es in
 an

alo
g
y
 w

ith
 co

n
d
itio

n
al p

ro
b
ab

ility
:

Q
(B

|A
) =

 Q
(A

&
B

)/Q
(A

), p
ro

v
id

ed
 th

at Q
(A

) n
o
t 0

; u
n
d
efin

ed
 o

r 1
 if Q

(A
)=

0
.  It fo

llo
w

s th
at

Q
(B

|A
) is ju

st P
(D

B
|D

A
).  S

u
p
p
o
se th

at w
e ad

d
 to

 th
e lan

g
u
ag

e a “g
en

eralized
 A

d
am

s

co
n
d
itio

n
al” 6

, allo
w

ed
 o

n
ly

 as a m
ain

 co
n
n
ectiv

e, g
o
v
ern

ed
 b

y
 th

e p
rin

cip
le th

at th
e d

eg
ree o

f

b
elief in

 A
6

B
 sh

o
u
ld

 alw
ay

s b
e th

e co
n
d
itio

n
al d

eg
ree o

f b
elief in

 B
 g

iv
en

 A
 (at least w

h
en

 th
at is

d
efin

ed
). 1

0  T
ak

in
g
 co

n
d
itio

n
al an

d
 u

n
co

n
d
itio

n
al d

eg
ree o

f b
elief to

 b
e rep

resen
ted

 b
y
 co

n
d
itio

n
al

an
d
 u

n
co

n
d
itio

n
al Q

, w
e g

et th
at th

e d
eg

ree o
f b

elief in
 A
6

B
 sh

o
u
ld

 b
e Q

(B
|A

).  A
s is w

ell-k
n
o
w

n
,



2
3

th
e o

rd
in

ary
 A

d
am

s co
n
d
itio

n
al, w

h
ere d

eg
rees o

f b
elief are assu

m
ed

 to
 o

b
ey

 th
e law

s o
f

p
ro

b
ab

ility, d
o
es m

u
ch

 b
etter th

an
 th

e tru
th

 fu
n
ctio

n
al co

n
d
itio

n
al at cap

tu
rin

g
 ‘if ... th

en
’ in

E
n
g
lish

, at least if w
e restrict o

u
rselv

es to
 sen

ten
ces in

 w
h
ich

 ‘if ...th
en

’ ap
p
ears o

n
ly

 as th
e m

ain

co
n
n
ectiv

e: co
n
sid

er ‘If I try
 o

u
t fo

r th
e Y

an
k
ees I w

ill m
ak

e th
e team

’. 1
1  S

o
 it m

ig
h
t seem

reaso
n
ab

le to
 co

n
jectu

re th
at th

e g
en

eralized
 A

d
am

s co
n
d
itio

n
al is ap

p
ro

p
riate fo

r v
ag

u
e

sen
ten

ces.  If so
, th

en
 th

e d
eg

ree o
f b

elief in
 A
6

D
A

 sh
o
u
ld

 b
e Q

(D
A

|A
) (at least w

h
en

 Q
(A

)�
0

),

w
h
ich

 is 1
.  (N

o
te th

e co
n
trast b

etw
een

 Q
 an

d
 p

ro
b
ab

ility
 fu

n
ctio

n
s: fo

r th
em

, th
e co

n
d
itio

n
al

p
ro

b
ab

ility
 is n

ev
er h

ig
h
er th

an
 th

e p
ro

b
ab

ility
 o

f th
e m

aterial co
n
d
itio

n
al.)  T

h
is is n

o
tew

o
rth

y
 in

co
n
n
ectio

n
 w

ith
 th

e W
illiam

so
n
 arg

u
m

en
t (1

)-(3
): all th

e p
rem

ises o
f th

e arg
u
m

en
t g

et Q
-v

alu
e 1

 if

‘if...th
en

’ is read
 in

 acco
rd

an
ce w

ith
 th

e g
en

eralized
 A

d
am

s co
n
d
itio

n
al. 1

2  O
f co

u
rse, th

e classical

ru
le o

f in
feren

ce u
sed

 in
 th

e arg
u
m

en
t is n

o
t v

alid
 o

n
 th

is read
in

g
 o

f ‘if...th
en

’.

I m
ig

h
t rem

ark
 th

at th
e g

en
eralized

 A
d
am

s co
n
d
itio

n
al is also

 illu
m

in
atin

g
 in

 th
e co

n
tex

t o
f

th
e S

o
rites arg

u
m

en
t: if w

e u
n
d
erstan

d
 th

e S
o
rites p

rem
ises as g

en
eralized

 A
d
am

s co
n
d
itio

n
als

th
ey

 are all h
ig

h
ly

 b
eliev

ab
le, ev

en
 fo

r th
e clearest o

f b
o
rd

erlin
e cases.

I in
tro

d
u
ced

 Q
 b

y
 startin

g
 fro

m
 a classical p

ro
b
ab

ility
 fu

n
ctio

n
 P, b

u
t h

av
e su

g
g
ested

 th
at P

n
o
t b

e tak
en

 serio
u
sly

: ex
cep

t w
h
ere it co

in
cid

es w
ith

 Q
, it p

lay
s n

o
 ro

le in
 d

escrib
in

g
 th

e id
ealized

ag
en

t.  (O
b
v
io

u
sly

 th
e sam

e Q
 can

 b
e g

en
erated

 fro
m

 m
an

y
 d

ifferen
t P

’s, u
n
less Q

(A
) +

 Q
(¬

A
) is 1

fo
r all A

.)  T
h
ere are really

 tw
o
 d

istin
ct p

arts to
 th

is id
ea: first, th

at Q
 is a p

erfectly
 leg

itim
ate

b
elief fu

n
ctio

n
, an

d
 seco

n
d
, th

at P
 is n

o
t a leg

itim
ate b

elief fu
n
ctio

n
 w

h
en

 it g
en

erates a Q
 d

istin
ct

fro
m

 it.  T
h
e seco

n
d
 co

m
p
o
n
en

t o
f th

is w
o
u
ld

 b
e h

ard
 to

 m
o
tiv

ate if th
e p

ro
cess th

at led
 fro

m
 P

 to

Q
 co

u
ld

 b
e iterated

 to
 y

ield
 a Q

*
 d

istin
ct fro

m
 Q

, b
u
t th

at is n
o
t th

e case: if w
e d

efin
e Q

*
(A

) as

Q
(D

A
), Q

*
 sim

p
ly

 is Q
.  T

h
at is m

y
 p

rin
cip

al m
o
tiv

atio
n
 fo

r u
sin

g
 S

4
.

T
h
e u

se o
f S

4
 m

ig
h
t seem

 o
b
jectio

n
ab

le, o
n
 eith

er o
f tw

o
 g

ro
u
n
d
s.  F

irst, it m
ig

h
t b

e

th
o
u
g
h
t o

d
d
 to

 h
av

e th
e d

eg
ree o

f b
elief in

 D
A

 alw
ay

s eq
u
al to

 th
e d

eg
ree o

f b
elief in

 A
, g

iv
en

 th
at

D
A

 is stro
n
g
er th

an
 A

.  It seem
s to

 m
e, th

o
u
g
h
, th

at th
e feelin

g
 o

f o
d
d
ity

 g
o
es aw

ay
 o

n
ce o

n
e

realizes th
at th

e d
eg

ree o
f disbelief in

 D
A

 can
 b

e h
ig

h
er th

an
 th

e d
eg

ree o
f d

isb
elief in

 A
 (an

d

ty
p
ically

 w
ill b

e w
h
en

 A
 is ju

d
g
ed

 in
d
eterm

in
ate): th

at is, Q
(¬

D
A

) can
 b

e h
ig

h
er th

an
 Q

(¬
A

), an
d

th
is is sy

m
p
to

m
atic o

f th
e ad

d
ed

 stren
g
th

 o
f D

A
 o

v
er A

.  W
ith

 classical p
ro

b
ab

ility
 th

e d
eg

ree o
f

d
isb

elief in
 A

 is d
eterm

in
ed

 b
y
 th

e d
eg

ree o
f b

elief in
 A

; w
h
en

, as w
ith

 Q
-ty

p
e d

eg
rees o

f b
elief,

2
4

th
is is n

o
t so

, w
e m

u
st rem

em
b
er to

 co
n
sid

er d
eg

rees o
f d

isb
elief as w

ell as d
eg

rees o
f b

elief w
h
en

co
m

p
arin

g
 an

 ag
en

t’s attitu
d
es to

w
ard

 tw
o
 p

ro
p
o
sitio

n
s. (W

ith
o
u
t m

o
d
ify

in
g
 th

e b
asic th

eo
ry

 w
e

co
u
ld

 m
o
d
ify

 th
e n

o
tio

n
 o

f d
eg

ree o
f b

elief so
 th

at it d
o
es d

eterm
in

e d
eg

ree o
f d

isb
elief: say

 b
y

u
sin

g
 th

e p
h
rase ‘th

e d
eg

ree o
f b

elief o
f A

’ to
 stan

d
 n

o
t sim

p
ly

 fo
r Q

(A
) b

u
t fo

r th
e p

air <
Q

(A
),

Q
(¬

A
)>

, o
r th

e in
terv

al [Q
(A

), 1
-Q

(¬
A

)], o
r so

m
e su

ch
 th

in
g
.  T

h
en

 th
e d

eg
rees o

f b
elief in

 D
A

an
d
 A

 w
ill ty

p
ically

 d
iffer.) 

S
eco

n
d
, th

e S
4
 law

 m
ig

h
t b

e th
o
u
g
h
t in

ap
p
ro

p
riate fo

r h
ig

h
er o

rd
er v

ag
u
en

ess.  B
u
t th

at is

certain
ly

 n
o
t o

b
v
io

u
s: in

d
eed

, w
e h

av
e seen

 ab
o
v
e th

at sig
n
ifican

t h
ig

h
er o

rd
er v

ag
u
en

ess can
 b

e

reco
g
n
ized

 in
 Q

 as w
ell as in

 P, as lo
n
g
 as S

5
 is n

o
t assu

m
ed

.  M
o
reo

v
er, as W

illiam
so

n
 1

9
9
4

n
o
tes (p

.1
6
0
), th

e in
v
o
catio

n
 o

f a d
efin

itely
 o

p
erato

r th
at d

o
es n

o
t o

b
ey

 S
4
 in

v
ites its rep

lacem
en

t

b
y
 an

 o
p
erato

r D
*
 th

at fu
n
ctio

n
s as an

 in
fin

ite co
n
ju

n
ctio

n
 o

f D
, D

D
, D

D
D

 an
d
 so

 o
n
; an

d
 it is

b
o
u
n
d
 to

 o
b
ey

 S
4
.  (A

s W
illiam

so
n
 p

o
in

ts o
u
t in

 a fo
o
tn

o
te, it w

o
n
’t o

b
ey

 S
5
 u

n
less D

 o
b
ey

ed
 th

e

B
ro

u
w

ersch
e law

.  A
n
d
 th

e B
ro

u
w

ersch
e law

 seem
s to

 m
e im

p
lau

sib
le fo

r v
ag

u
en

ess an
d

in
d
eterm

in
acy

: ev
en

 w
ith

o
u
t th

e S
4
 law

 it ru
les C

ase (H
I) to

 b
e im

p
o
ssib

le, an
d
 w

ith
 S

4
 it ru

les

C
ases (B

+
) an

d
 (B

–
) im

p
o
ssib

le as w
ell.)

I sh
o
u
ld

 ad
d
 th

at ev
en

 accep
tan

ce o
f th

e S
5
 law

 w
o
u
ld

n
’t ru

le o
u
t “h

ig
h
er o

rd
er

v
ag

u
en

ess” in
 all p

o
ssib

le sen
ses o

f th
at term

.  F
o
r in

stan
ce, stip

u
latin

g
 th

at th
e lo

g
ic o

f

‘d
eterm

in
ately

’ is S
5
 w

o
u
ld

 seem
 to

 b
e q

u
ite co

m
p
atib

le w
ith

 tak
in

g
 ‘d

eterm
in

ately
’ to

 itself b
e

v
ag

u
e, an

d
 sim

p
ly

 req
u
irin

g
 th

at th
e ad

m
issib

le sh
arp

en
in

g
s o

f th
e n

o
tio

n
 o

f ‘d
eterm

in
ately

’ b
e

req
u
ired

 to
 o

b
ey

 S
5
.  T

h
is th

o
u
g
h
t is ex

p
ressed

 in
 th

e lan
g
u
ag

e o
f ad

m
issib

le sh
arp

en
in

g
s, w

h
ich

 I

h
av

e h
eld

 to
 b

e n
o
t u

ltim
ately

 illu
m

in
atin

g
 (th

o
u
g
h
 n

o
t illeg

itim
ate eith

er); I w
ill say

 a b
it later h

o
w

th
is m

ig
h
t b

e cap
tu

red
 in

 th
e lan

g
u
ag

e o
f id

ealized
 ag

en
ts.  F

o
r n

o
w

 let m
e ju

st say
 th

at still

an
o
th

er co
m

p
o
n
en

t o
f th

e in
tu

itiv
e id

ea o
f “h

ig
h
er o

rd
er v

ag
u
en

ess” is th
at ‘ap

p
ro

p
riate d

eg
ree o

f

b
elief’ is v

ag
u
e.  In

 th
e cu

rren
t fram

ew
o
rk

, th
at is co

n
n
ected

 w
ith

 th
e id

ea th
at th

ere is n
o
 o

n
e rig

h
t

w
ay

 to
 assig

n
 Q

-v
alu

es to
 sen

ten
ces. T

h
is so

rt o
f h

ig
h
er o

rd
er in

d
eterm

in
acy

 n
eed

n
’t b

e

acco
m

m
o
d
ated

 ex
p
licitly

 in
 th

e m
o
d
el o

f id
ealized

 ag
en

ts o
n
 o

ffer, b
ecau

se each
 leg

itim
ate ch

o
ice

o
f Q

-v
alu

es w
ill co

rresp
o
n
d
 to

 o
n
e w

ay
 o

f m
ak

in
g
 ‘d

eg
ree o

f b
elief’ p

recise; if th
e m

o
d
el is

ap
p
ro

p
riate fo

r each
 su

ch
 ch

o
ice, it is ap

p
ro

p
riate o

v
erall.  W

e co
u
ld

 co
n
sisten

tly
 su

p
p
o
se th

at th
e

S
5
 law

 sh
o
u
ld

 h
o
ld

 fo
r th

ese leg
itim

ate ch
o
ices o

f Q
-v

alu
es w

ith
o
u
t d

en
y
in

g
 th

at th
ere is in

d
eed

 a



2
5

m
u
ltip

licity.  B
u
t let’s av

o
id

 fu
rth

er d
iscu

ssio
n
 o

f th
ese issu

es b
y
 stick

in
g
 to

 S
4
.

If, as I h
av

e su
g
g
ested

, th
e classical p

ro
b
ab

ility
 fu

n
ctio

n
 P

 sh
o
u
ld

 b
e v

iew
ed

 as h
av

in
g
 n

o

“p
sy

ch
o
lo

g
ical reality

”, b
u
t is sim

p
ly

 a d
ev

ice fo
r g

en
eratin

g
 th

e g
en

u
in

e d
eg

ree o
f b

elief fu
n
ctio

n

Q
, th

en
 it w

o
u
ld

 b
e n

ice if w
e co

u
ld

 d
ev

elo
p
 th

e law
s g

o
v
ern

in
g
 Q

-fu
n
ctio

n
s w

ith
o
u
t referen

ce to

p
ro

b
ab

ility
 fu

n
ctio

n
s.  T

o
 see h

o
w

 to
 d

o
 th

is, n
o
te th

at fo
r an

y
 sen

ten
ce B

 w
h
atev

er, Q
(D

B
 w

D
¬

B
) =

 Q
(B

) +
 Q

(¬
B

); an
d
 m

o
re g

en
erally, 

(*
)

Q
(D

B
 w

 D
C

) =
 Q

(B
) +

 Q
(C

) –
 Q

(B
&

C
).  

P
ro

o
f:  Q

(D
B

 w
 D

C
) =

 P
[D

(D
B

 w
 D

C
)].  B

u
t in

 S
4
, D

(D
B

 w
 D

C
) is eq

u
iv

alen
t to

D
B

 w
 D

C
, an

d
 b

y
 th

e d
isju

n
ctio

n
 law

 fo
r p

ro
b
ab

ility
 fu

n
ctio

n
s, w

e g
et P

(D
B

) +

P
(D

C
) - P

(D
B

 &
 D

C
).  B

u
t also

, D
B

 &
 D

C
 is eq

u
iv

alen
t to

 D
(B

&
C

), so
 w

e g
et

P
(D

B
) +

 P
(D

C
) - P

[D
(B

&
C

)]; th
at is, Q

(B
) +

 Q
(C

) - Q
(B

&
C

).

A
 co

n
seq

u
en

ce is

(#
)

Q
(B
w

C
) $

 Q
(B

) +
 Q

(C
) - Q

(B
&

C
);

w
e g

et an
 in

eq
u
ality

 w
h
ere th

e classical th
eo

ry
 h

as eq
u
ality.  A

ctu
ally

 w
e can

 d
o
 co

n
sid

erab
ly

b
etter th

an
 th

is: th
e p

ro
o
f o

f (*
) g

en
eralizes to

 a p
ro

o
f o

f 

(*
*

)
Q

(D
B

1  w
 D

B
n ) =

 Ó
i  Q

(B
i ) - Ó

i,j d
istin

ct  Q
(B

i &
B

j ) +
 Ó

i,j,k
 d

istin
ct  Q

(B
i &

B
j &

B
k ) - ...                       

±
 Q

(B
1 &

...&
B

n ),

w
h
ere th

e ‘±
’ is +

 if n
 is o

d
d
 an

d
 –

 if n
 is ev

en
. 1

3  A
n
d
 th

is y
ield

s 

(#
#

)
Q

(B
1  w

 B
n ) $

 Ó
i  Q

(B
i ) - Ó

i,j d
istin

ct  Q
(B

i &
B

j ) +
 Ó

i,j,k
 d

istin
ct  Q

(B
i &

B
j &

B
k ) - ...                             

±
 Q

(B
1 &

...&
B

n ),

w
h
ich

 d
o
esn

’t fo
llo

w
 fro

m
 (#

) alo
n
e.  G

len
n
 S

h
afer (1

9
7
5
) co

n
stru

cted
 an

 eleg
an

t th
eo

ry
 o

f b
elief

fu
n
ctio

n
s o

n
 th

e b
asis o

f co
n
d
itio

n
 (#

#
) (to

g
eth

er w
ith

 th
e assig

n
m

en
t o

f 1
 to

 lo
g
ical tru

th
s an

d
 th

e

stip
u
latio

n
 th

at th
e d

eg
rees b

e real n
u
m

b
ers in

 [0
,1

]).  S
h
afer w

as m
o
tiv

ated
 b

y
 co

n
sid

eratio
n
s n

o
t

h
av

in
g
 to

 d
o
 w

ith
 v

ag
u
en

ess, an
d
 so

m
e o

f th
e ap

p
aratu

s h
e d

ev
elo

p
s d

o
n
’t h

av
e an

y
 o

b
v
io

u
s

ap
p
licatio

n
 to

 v
ag

u
en

ess;
1
4 still, th

e ab
o
v
e d

eriv
atio

n
 o

f (#
#
) sh

o
w

s th
at h

is b
asic th

eo
ry

 o
f b

elief

fu
n
ctio

n
s can

 b
e tak

en
 o

v
er.

W
h
ere are w

e?  W
e’v

e seen
 th

at if w
e start fro

m
 a classical p

ro
b
ab

ility
 fu

n
ctio

n
 P

 o
n
 a

lan
g
u
ag

e L
 th

at in
clu

d
es a d

eterm
in

ately
 o

p
erato

r (an
d
 w

h
ere P

 resp
ects th

e S
4
 law

s fo
r D

), th
en

th
e fu

n
ctio

n
 Q

P  th
at w

e o
b
tain

 fro
m

 it m
u
st b

e a S
h
afer fu

n
ctio

n
 o

n
 L

.  T
h
is m

ean
s, o

f co
u
rse, th

at

2
6

its restrictio
n
 to

 th
e D

-free p
art o

f L
 m

u
st also

 b
e a S

h
afer fu

n
ctio

n
.  A

n
d
 th

is su
g
g
ests th

at talk
 o

f

th
e d

eterm
in

ately
 o

p
erato

r m
ay

 h
av

e b
een

, in
 a sen

se, u
n
n
ecessary

: th
e k

ey
 to

 reg
ard

in
g
 a sen

ten
ce

as in
d
eterm

in
ate is sim

p
ly

 ad
o
p
tin

g
 d

eg
rees o

f b
elief (in

 D
-free sen

ten
ces) th

at acco
rd

 w
ith

so
m

eth
in

g
 lik

e th
e S

h
afer law

s; h
av

in
g
 attitu

d
es to

w
ard

 sen
ten

ces in
v
o
lv

in
g
 ‘d

eterm
in

ately
’ isn

’t

n
ecessary.  S

till, a m
o
re reflectiv

e ag
en

t can
 h

av
e attitu

d
es to

w
ard

 sen
ten

ces th
at co

n
tain

‘d
eterm

in
ately

’: h
is d

eg
rees o

f b
elief in

 sen
ten

ces in
 th

e lan
g
u
ag

e th
at co

n
tain

s ‘D
’ w

ill ex
ten

d
 h

is

d
eg

ree o
f b

elief fu
n
ctio

n
 fo

r th
e D

-free p
art, an

d
 acco

rd
 w

ith
 th

e law
 th

at Q
(D

A
) alw

ay
s eq

u
als

Q
(A

).  A
n
d
 w

e g
et th

e n
ice resu

lt th
at o

u
r tw

o
 read

in
g
s o

f “reg
ard

s A
 as d

eterm
in

ate” co
in

cid
e: h

is

d
eg

ree o
f b

elief in
 D

A
 w

 D
¬

A
 w

ill alw
ay

s eq
u
al th

e su
m

 o
f h

is d
eg

rees o
f b

elief in
 A

 an
d
 in

 ¬
A

. 1
5

I clo
se th

is sectio
n
 b

y
 m

en
tio

n
in

g
 th

ree tech
n
ical q

u
estio

n
s th

at I h
av

en
’t in

v
estig

ated
; th

eir

an
sw

ers co
u
ld

 w
ell b

e o
b
v
io

u
s.  F

irst, can
 an

y
 S

h
afer fu

n
ctio

n
 o

n
 th

e D
-free p

art o
f th

e lan
g
u
ag

e

b
e g

en
eralized

 to
 a S

h
afer fu

n
ctio

n
 o

n
 th

e fu
ll lan

g
u
ag

e (th
at m

eets th
e co

n
strain

ts o
n
 D

)?  I w
o
u
ld

h
o
p
e so

, b
u
t if n

o
t, it im

p
lies at m

o
st th

at an
 ag

en
t w

ith
 an

 u
n
ex

ten
d
ib

le Q
-fu

n
ctio

n
 o

n
 th

e D
-free

p
art o

f h
is lan

g
u
ag

e n
eed

s to
 rev

ise h
is d

eg
rees o

f b
elief a b

it if h
e is to

 in
tro

d
u
ce th

e term

‘d
efin

itely
’.  E

v
en

 th
at m

ay
 b

e m
islead

in
g
, fo

r I h
av

e n
o
t ru

led
 o

u
t th

at th
ere b

e o
th

er law
s o

n

d
eg

ree o
f b

elief fu
n
ctio

n
s b

ey
o
n
d
 th

e S
h
afer law

s th
at I h

av
e d

eriv
ed

.  T
h
at su

g
g
ests th

e seco
n
d

tech
n
ical q

u
estio

n
: can

 an
y
 S

h
afer fu

n
ctio

n
 o

n
 th

e D
-free p

art o
f th

e lan
g
u
ag

e b
e o

b
tain

ed
 fro

m
 a

p
ro

b
ab

ility
 fu

n
ctio

n
 o

n
 th

e fu
ll lan

g
u
ag

e?  If n
o
t, th

en
 th

ere are law
s th

at h
o
ld

 fo
r th

e sp
ecial

S
h
afer fu

n
ctio

n
s th

at are so
 d

eriv
ed

 th
at d

o
n
’t h

o
ld

 fo
r all S

h
afer fu

n
ctio

n
s, an

d
 w

e th
en

 n
eed

 to

d
ecid

e w
h
eth

er to
 im

p
o
se all, so

m
e, o

r n
o
n
e o

f th
o
se law

s o
n
 “d

eg
rees o

f b
elief”.  I w

o
u
ld

 n
o
t

w
an

t to
 im

p
o
se an

y
 su

ch
 law

s m
erely

 o
n
 th

e b
asis o

f th
eir b

ein
g
 req

u
ired

 in
 o

rd
er th

at  th
e d

eg
rees

o
f b

elief “u
ltim

ately
 d

eriv
e fro

m
” a classical p

ro
b
ab

ility
 fu

n
ctio

n
, b

u
t so

m
e su

ch
 law

s m
ig

h
t seem

in
d
ep

en
d
en

tly
 d

esirab
le.  A

 th
ird

 tech
n
ical q

u
estio

n
 is, w

h
en

 a S
h
afer fu

n
ctio

n
 o

n
 th

e D
-free p

art o
f

L
 is ex

ten
d
ib

le to
 a S

h
afer fu

n
ctio

n
 o

n
 th

e fu
ll L

, is th
is ex

ten
sio

n
 u

n
iq

u
e?  I w

o
u
ld

 assu
m

e n
o
t: I

w
o
u
ld

 assu
m

e fo
r in

stan
ce th

at th
e Q

-v
alu

es o
f m

an
y
 sen

ten
ces o

f fo
rm

   D
A

 e
 B

 an
d
 A

 e
 D

B

w
h
en

 A
 is D

-free w
o
n
’t b

e fix
ed

 b
y
 th

e Q
-v

alu
es o

f D
-free sen

ten
ces.  T

h
is is relev

an
t in

co
n
n
ectio

n
 w

ith
 th

e q
u
estio

n
 I raised

 earlier, o
f w

h
at m

ean
s w

o
u
ld

 b
e av

ailab
le fo

r reco
g
n
izin

g

h
ig

h
er o

rd
er v

ag
u
en

ess if fo
r so

m
e reaso

n
 w

e w
ere to

 tak
e D

 to
 o

b
ey

 th
e law

s o
f S

5
.  O

n
e w

ay
 to

d
o
 th

is, I w
o
u
ld

 th
in

k
, w

o
u
ld

 b
e to

 su
p
p
o
se th

at th
ere w

as a larg
e elem

en
t o

f arb
itrarin

ess in
 th

e



2
7

ex
ten

sio
n
 o

f th
e Q

-fu
n
ctio

n
 fro

m
 th

e D
-free lan

g
u
ag

e to
 th

e lan
g
u
ag

e w
ith

 D
.  I w

ill say
 n

o
 m

o
re

ab
o
u
t th

is, th
o
u
g
h
; h

ig
h
er o

rd
er v

ag
u
en

ess is n
o
t m

y
 to

p
ic, an

d
 b

esid
es, I see n

o
 reaso

n
 to

 ad
o
p
t a

lo
g
ic stro

n
g
er th

an
 S

4
.

It’s tim
e to

 rev
iew

 th
e m

aterial o
f th

is sectio
n
.  I h

av
e tried

 to
 g

iv
e a m

o
d
el o

f an
 ag

en
t

w
ith

 th
e featu

re th
at d

esp
ite th

e ag
en

t’s ad
h
eren

ce to
 classical lo

g
ic, h

e treats sen
ten

ces th
at h

e

reg
ard

s as p
o
ten

tially
 in

d
eterm

in
ate sig

n
ifican

tly
 d

ifferen
tly

 fro
m

 o
n
es th

at h
e reg

ard
s as certain

ly

d
eterm

in
ate: th

e d
eg

ree o
f b

elief in
 th

e in
d
eterm

in
acy

 o
f a sen

ten
ce A

 is m
easu

red
 b

y
 th

e ex
ten

t to

w
h
ich

 th
e p

ro
b
ab

ility
 o

f it an
d
 its n

eg
atio

n
 su

m
 to

 less th
an

 1
.  T

h
ere h

as b
een

 n
o
 attem

p
t h

ere to

explain
 w

h
y
 th

e ag
en

t ad
o
p
ts th

is d
ifferen

tial attitu
d
e b

etw
een

 sen
ten

ces h
e tak

es as p
ro

b
ab

ly

in
d
eterm

in
ate an

d
 sen

ten
ces h

e tak
es as p

ro
b
ab

ly
 d

eterm
in

ate: m
o
re o

n
 th

at in
 th

e n
ex

t sectio
n
. 

B
u
t still, th

e m
o
d
el seem

s to
 b

e o
n
e o

n
 w

h
ich

 “b
elief” in

 sen
ten

ces th
at o

n
e treats as in

d
eterm

in
ate

“w
o
rk

s d
ifferen

tly
”–

o
b
ey

s d
ifferen

t law
s–

th
an

 b
elief in

 sen
ten

ces th
at o

n
e treats as d

eterm
in

ate.

T
h
is im

p
ressio

n
 m

ig
h
t b

e th
o
u
g
h
t to

 b
e d

u
e sim

p
ly

 to
 th

e cru
d
ity

 o
f th

e m
o
d
el fo

r factu
al

b
elief fro

m
 w

h
ich

 w
e started

.  T
h
at m

o
d
el, recall, to

o
k
 o

ff fro
m

 th
e assu

m
p
tio

n
 th

at w
h
en

in
d
eterm

in
acy

 isn
’t in

 q
u
estio

n
, th

e ag
en

t can
 b

e tak
en

 to
 assig

n
 classical p

o
in

t p
ro

b
ab

ilities to

ev
ery

 sen
ten

ce.  B
u
t ev

en
 w

h
en

 in
d
eterm

in
acy

 is n
o
t in

 q
u
estio

n
, th

e assu
m

p
tio

n
 o

f classical p
o
in

t

p
ro

b
ab

ilities is u
n
d
u
ly

 restrictiv
e (as Isaac L

ev
i h

as o
ften

 em
p
h
asized

: L
ev

i 1
9
7
4
).  A

 b
etter m

o
d
el

w
o
u
ld

 start w
ith

 a (co
n
v
ex

 n
o
n
em

p
ty

) set S
 o

f p
ro

b
ab

ility
 fu

n
ctio

n
s o

n
 th

e lan
g
u
ag

e.  F
o
r each

 P

in
 S

, w
e co

u
ld

 co
n
stru

ct a d
eg

ree o
f b

elief fu
n
ctio

n
 Q

P , in
 ju

st th
e w

ay
 d

o
n
e b

efo
re; w

e co
u
ld

 th
en

tak
e th

e set o
f all Q

P  fo
r P

 in
 S

 as w
h
at rep

resen
ts th

e ag
en

t’s d
eg

rees o
f b

elief.

A
t first g

lan
ce, th

is co
m

p
licatio

n
 d

o
esn

’t alter th
e im

p
o
rtan

t p
o
in

t: sen
ten

ces v
iew

ed
 as

in
d
eterm

in
ate w

ill d
iffer in

 h
o
w

 th
ey

 fu
n
ctio

n
 fro

m
 sen

ten
ces v

iew
ed

 as d
eterm

in
ate.  O

n
 seco

n
d

g
lan

ce, th
is m

ay
 n

o
t b

e q
u
ite so

 clear.  F
o
r fro

m
 th

e n
o
n
em

p
ty

 set S
 o

f p
ro

b
ab

ility
 fu

n
ctio

n
s u

sed

to
 rep

resen
t th

e ag
en

t’s d
eg

rees o
f b

elief in
 d

eterm
in

ate sen
ten

ces, o
n
e can

 g
en

erate a n
u
m

erical

d
eg

ree o
f b

elief fu
n
ctio

n
 G

S : fo
r an

y
 sen

ten
ce A

, G
S (A

) is  tak
en

 to
 b

e th
e g

reatest lo
w

er b
o
u
n
d
 o

f

all P
(A

) fo
r A

 in
 S

.  If w
e d

o
 th

is, th
en

 G
S (A

) +
 G

S (¬
A

) w
ill ty

p
ically

 b
e less th

an
 1

, an
d
 so

 w
e w

ill

h
av

e “d
eg

ree o
f b

elief fu
n
ctio

n
s” th

at lo
o
k
 su

p
erficially

 lik
e th

e Q
-fu

n
ctio

n
s I h

av
e co

n
stru

cted
,

q
u
ite in

d
ep

en
d
en

t o
f v

ag
u
en

ess o
r in

d
eterm

in
acy.  S

o
 th

e w
o
rry

 is th
at b

y
 m

o
v
in

g
 fro

m
 a sin

g
le

p
ro

b
ab

ility
 fu

n
ctio

n
 to

 a set o
f m

an
y
 p

ro
b
ab

ility
 fu

n
ctio

n
s ev

en
 w

h
en

 in
d
eterm

in
acy

 is n
o
t at issu

e,

2
8

w
e are in

 effect sim
p
ly

 m
o
v
in

g
 to

 a n
o
n
classical d

eg
ree o

f b
elief fu

n
ctio

n
 G

S  w
h
o
se n

atu
re m

ig
h
t

m
ask

 an
y
 fu

rth
er n

o
n
classicality

 d
u
e to

 in
d
eterm

in
acy.

I can
’t fu

lly
 treat th

e m
atter h

ere, b
u
t th

ere are tw
o
 reaso

n
s to

 th
in

k
 th

at th
is w

o
rry

 is n
o
t

serio
u
s.  F

irst, th
e fu

n
ctio

n
 G

S  co
n
stru

cted
 fro

m
 a n

o
n
em

p
ty

 co
n
v
ex

 set S
 o

f p
ro

b
ab

ility
 fu

n
ctio

n
s

w
ill n

o
t ty

p
ically

 o
b
ey

 th
e S

h
afer law

 (#
#
) o

r ev
en

 (#
). 1

6  S
eco

n
d
, G

S  isn
’t ad

eq
u
ate as a

rep
resen

tatio
n
 o

f th
e d

eg
rees o

f b
elief in

 d
eterm

in
ate p

ro
p
o
sitio

n
s an

y
w

ay, fo
r it g

iv
es o

n
ly

 p
artial

in
fo

rm
atio

n
 ab

o
u
t th

e set S
 o

f p
ro

b
ab

ility
 fu

n
ctio

n
s fro

m
 w

h
ich

 it w
as o

b
tain

ed
, an

d
 th

e

in
fo

rm
atio

n
 lo

st is cru
cial. 1

7  T
h
ese p

o
in

ts sh
o
u
ld

 d
o
 a g

reat d
eal to

 allay
 th

e w
o
rry.

M
o
reo

v
er, ev

en
 if th

is w
o
rry

 ab
o
u
t th

e L
ev

i m
o
d
el o

f id
ealized

 ag
en

ts w
ere to

 p
ro

v
e

co
rrect, I th

in
k
 th

at a still fu
ller ex

ten
sio

n
 o

f th
e m

o
d
el o

f id
ealized

 ag
en

ts w
o
u
ld

 resto
re th

e

d
istin

ctio
n
 in

 fu
n
ctio

n
 b

etw
een

 b
eliefs th

at th
e ag

en
t reg

ard
s as p

o
ten

tially
 in

d
eterm

in
ate an

d

b
eliefs fo

r w
h
ich

 th
is is n

o
t so

.  R
ecall th

e in
itial in

tu
itio

n
: th

at it is m
isguided

 to
 sp

ecu
late as to

w
h
eth

er Jo
e is rich

 (w
h
ere Jo

e, u
n
lik

e S
am

, is so
m

eo
n
e I k

n
o
w

 en
o
u
g
h
 ab

o
u
t to

 b
e q

u
ite su

re th
at

h
e is a b

o
rd

erlin
e case (as I am

 cu
rren

tly
 u

sin
g
 ‘rich

’)).  In
 th

e case w
h
ere th

ere is n
o

in
d
eterm

in
acy, I d

o
n
’t th

in
k
 th

at p
recise d

eg
rees o

f b
elief are m

isg
u
id

ed
, I ju

st d
o
n
’t th

in
k
 th

at th
ey

are m
an

d
ato

ry.  S
o
 a fu

ller p
sy

ch
o
lo

g
ical m

o
d
el n

eed
s so

m
eth

in
g
 th

at ev
alu

ates o
u
r d

eg
rees o

f

b
elief, an

d
 in

 th
is w

ay
 th

e p
sy

ch
o
lo

g
ical d

istin
ctio

n
 sh

o
u
ld

 b
e resto

red
.  

6.
I’v

e g
o
tten

 in
to

 a lo
t o

f d
etail, b

u
t n

o
w

 it’s tim
e to

 retu
rn

 to
 th

e w
o
rries ab

o
u
t th

e

d
eterm

in
ately

 o
p
erato

r ap
p
ro

ach
 to

 v
ag

u
en

ess an
d
 in

d
eterm

in
acy.  W

h
en

 w
e left th

e m
atter at th

e

en
d
 o

f S
ectio

n
 3

, w
e h

ad
 a v

ersio
n
 o

f th
e ap

p
ro

ach
 o

n
 w

h
ich

 it w
as so

m
eh

o
w

 b
u
ilt in

to
 th

e

m
ean

in
g
 o

f ‘d
eterm

in
ately

’ th
at it w

as m
isg

u
id

ed
 to

 ev
en

 sp
ecu

late o
n
 q

u
estio

n
s w

h
en

 th
e an

sw
ers

w
ere th

o
u
g
h
t in

d
eterm

in
ate; o

r to
 p

u
t it an

o
th

er w
ay, w

h
ere to

 reg
ard

 a q
u
estio

n
 as in

d
eterm

in
ate

co
n
sists in

 p
art in

 o
u
r reg

ard
in

g
 it as m

isg
u
id

ed
 to

 ev
en

 sp
ecu

late o
n
 th

e an
sw

er to
 it.  T

h
e first

p
ro

b
lem

 w
as th

at th
e relev

an
t sen

se o
f sp

ecu
latio

n
 b

ein
g
 “m

isg
u
id

ed
”, o

r at least th
e relev

an
t sen

se

o
f its b

ein
g
 “reg

ard
ed

 as m
isg

u
id

ed
”, n

eed
s sp

ecificatio
n
: w

ith
o
u
t th

at, th
e v

iew
 seem

s to
 co

llap
se

in
to

 so
m

eth
in

g
 lik

e th
e ep

istem
ic v

iew
.  D

o
es th

e k
in

d
 o

f id
ealized

 m
o
d
el I h

av
e d

iscu
ssed

 h
elp

w
ith

 th
is p

ro
b
lem

?  I th
in

k
 it d

o
es.  In

 term
s o

f th
e id

ealized
 m

o
d
els w

e d
o
n
’t h

av
e an

y
 an

alo
g
 o

f

th
e id

ea o
f sp

ecu
latio

n
 actu

ally
 b

ein
g
 m

isg
u
id

ed
, b

u
t I d

o
n
’t th

in
k
 w

e n
eed

 th
at.  W

h
at th

e m
o
d
els

d
o
 is  to

 b
u
ild

 so
m

eth
in

g
 lik

e th
e id

ea o
f “reg

ard
in

g
 sp

ecu
latio

n
 as m

isg
u
id

ed
” in

to
 th

e co
re o

f th
e
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acco
u
n
t o

f p
ro

p
er p

sy
ch

o
lo

g
ical fu

n
ctio

n
in

g
.  T

h
at is, it is p

art o
f th

e id
ealized

 p
sy

ch
o
lo

g
y
 th

at w
e

sim
p
ly

 refu
se to

 ad
o
p
t classical p

o
in

t v
alu

ed
 p

ro
b
ab

ilities in
 certain

 cases; th
is is tak

en
 as a n

atu
ral

state o
f affairs, n

o
t req

u
irin

g
 sp

ecial ex
p
lan

atio
n
.  In

 term
s o

f it, w
e can

 ex
p
lain

 w
h
at it is to

 reg
ard

a sen
ten

ce in
d
eterm

in
ate: w

e reg
ard

 a sen
ten

ce in
d
eterm

in
ate to

 th
e ex

ten
t th

at th
e n

o
n
-classical

p
ro

b
ab

ilities w
e assig

n
 to

 it an
d
 its n

eg
atio

n
 su

m
 to

 less th
an

 1
.

O
n
e m

ig
h
t o

b
ject th

at th
is ex

p
lain

s w
h
at it is to

 regard
 a sen

ten
ce in

d
eterm

in
ate, b

u
t th

at

w
h
at w

e sh
o
u
ld

 w
an

t is an
 ex

p
lan

atio
n
 o

f w
h
at it is fo

r a sen
ten

ce to
 be in

d
eterm

in
ate.  B

u
t let’s

lo
o
k
 at a so

m
ew

h
at sim

ilar issu
e: th

e n
o
tio

n
 o

f o
b
jectiv

e ch
an

ce.  A
s is w

id
ely

 reco
g
n
ized

 (e.g
.

L
ew

is 1
9
8
0
, L

eed
s 1

9
8
4
, S

k
y
rm

s 1
9
8
4
), it seem

s im
p
o
ssib

le to
 p

ro
v
id

e a n
o
n
-circu

lar red
u
ctiv

e

ex
p
lan

atio
n
 o

f th
e n

o
tio

n
 o

f o
b
jectiv

e ch
an

ce; all w
e can

 d
o
 is sp

ecify
 its co

n
cep

tu
al ro

le.  A
n
d
 th

e

cen
tral co

m
p
o
n
en

t o
f th

e co
n
cep

tu
al ro

le o
f o

b
jectiv

e ch
an

ce is p
ro

v
id

ed
 b

y
 th

e co
n
n
ectio

n

b
etw

een
 opinions about  o

b
jectiv

e ch
an

ce an
d
 d

eg
rees o

f b
elief in

 o
th

er m
atters.  In

d
eed

, at least in

m
an

y
 im

p
o
rtan

t cases, an
 id

ealized
 ag

en
t’s d

eg
rees o

f b
elief in

 th
e o

b
jectiv

e ch
an

ces are

co
m

p
letely

 d
eterm

in
ed

 b
y
 th

eir d
eg

rees o
f b

elief in
 sp

ecific o
u
tco

m
es: cf. d

iF
in

n
etti’s th

eo
rem

 an
d

its m
an

y
 ex

ten
sio

n
s. 1

8  I th
in

k
 it is fairly

 u
n
co

n
tro

v
ersial th

at th
e m

ean
in

g
 o

f ‘ch
an

ce’ is d
eterm

in
ed

b
y
 its co

n
cep

tu
al co

n
n
ectio

n
 to

 d
eg

rees o
f b

elief in
 m

atters o
th

er th
an

 ch
an

ce, in
 ro

u
g
h
ly

 th
is w

ay. 

D
ifferen

t o
p
in

io
n
s are p

o
ssib

le o
n
 w

h
at if an

y
th

in
g
 th

is sh
o
w

s ab
o
u
t th

e m
etap

h
y
sics o

f ch
an

ce:

o
n
e can

 try
 to

 co
m

b
in

e it w
ith

 a “realist” v
iew

 o
f ch

an
ce, o

r w
ith

 a v
iew

 th
at is in

 o
n
e w

ay
 o

r o
th

er

“an
ti-realist” (e.g

. a v
iew

 o
n
 w

h
ich

 attrib
u
tio

n
s o

f ch
an

ce are “m
ere p

ro
jectio

n
s” o

f o
u
r d

eg
rees o

f

b
elief ab

o
u
t o

th
er m

atters).  S
o
m

e “an
ti-realists” w

ill h
o
ld

 th
at talk

 o
f d

eg
ree o

f belief  in
 ch

an
ces

isn
’t strictly

 ap
p
ro

p
riate, sin

ce statem
en

ts o
f ch

an
ce are n

o
t straig

h
tfo

rw
ard

ly
 factu

al, an
d
 th

at o
n
e

sh
o
u
ld

 sp
eak

 in
stead

 ab
o
u
t d

eg
ree o

f acceptance  o
f ch

an
ce-sen

ten
ces; o

th
ers w

ill tak
e a m

o
re

relax
ed

 attitu
d
e to

w
ard

 th
e u

se o
f ‘b

elief’.  I d
o
n
’t p

ro
p
o
se to

 en
ter in

to
 th

ese issu
es, o

r ev
en

 to

d
ecid

e w
h
eth

er th
ey

 are m
ean

in
g
fu

l.  B
u
t I th

in
k
 th

at w
h
atev

er v
iew

 o
n
e tak

es o
n
 th

o
se issu

es as

reg
ard

s o
b
jectiv

e ch
an

ce, o
n
e can

 tak
e th

e sam
e stan

d
 as reg

ard
s d

eterm
in

aten
ess.  H

ere to
o
, w

e

can
 ex

p
lain

 d
eg

ree o
f “b

elief” ab
o
u
t d

eterm
in

aten
ess in

 term
s o

f its co
n
n
ectio

n
 w

ith
 d

eg
rees o

f

b
elief in

 o
rd

in
ary

 sen
ten

ces: at least if w
e ig

n
o
re co

m
p
licatio

n
s arisin

g
 fro

m
 th

e L
ev

i m
o
d
el, w

e can

say
 th

at to
 “b

eliev
e” th

at a sen
ten

ce h
as a d

eterm
in

ate tru
th

 v
alu

e just is  to
 h

av
e d

eg
rees o

f b
elief

in
 it an

d
 its n

eg
atio

n
 th

at su
m

 to
 less th

an
 1

. W
h
eth

er th
is is ad

o
p
tin

g
 an

 “an
ti-realist” v

iew
 o

f

3
0

d
eterm

in
aten

ess, an
d
 w

h
eth

er it is ap
p
ro

p
riate to

 talk
 o

f o
u
r attitu

d
es to

w
ard

 statem
en

ts o
f

d
eterm

in
aten

ess as literally
 “b

eliefs”, n
eed

 n
o
t b

e settled
 h

ere. 

S
o
 I th

in
k
 th

at th
e id

ealized
 m

o
d
el d

o
es a g

o
o
d
 d

eal to
 ex

p
lain

 th
e m

ean
in

g
 o

f

‘d
eterm

in
ately

’.  B
u
t w

h
at ab

o
u
t th

e seco
n
d
 w

o
rry

: th
at th

ere seem
s to

 b
e so

m
eth

in
g
 o

d
d
 ab

o
u
t

th
in

k
in

g
 it m

isg
u
id

ed
 to

 sp
ecu

late w
h
eth

er o
r n

o
t Jo

e is rich
, g

iv
en

 th
at o

n
e accep

ts th
at eith

er Jo
e

is rich
 o

r Jo
e is n

o
t rich

.  H
ere to

o
 I th

in
k
 th

e m
o
d
el h

elp
s.  F

irst, th
e m

o
d
el p

ro
v
id

es a clear

p
ictu

re o
f ep

istem
ic p

rin
cip

les th
at licen

se fu
ll b

elief in
 ex

clu
d
ed

 m
id

d
le ev

en
 w

h
ile d

ealin
g
 w

ith

sen
ten

ces th
at are tak

en
 to

 b
e in

d
eterm

in
ate.  I th

in
k
 it w

as larg
ely

 th
e ab

sen
ce o

f su
ch

 a m
o
d
el

th
at m

ad
e it seem

 o
d
d
 to

 ad
h
ere to

 ex
clu

d
ed

 m
id

d
le w

h
ile reco

g
n
izin

g
 in

d
eterm

in
acy.  S

eco
n
d
, th

e

feelin
g
 th

at th
is is o

d
d
 stem

m
ed

 in
 p

art I th
in

k
 fro

m
 th

e assu
m

p
tio

n
 th

at if w
e assu

m
e th

at Jo
e is

rich
 o

r Jo
e is n

o
t rich

, it can
’t b

e m
isg

u
id

ed
 to

 assig
n
 a classical p

ro
b
ab

ility
 to

 th
e claim

 th
at Jo

e is

rich
.  A

ssig
n
in

g
 a classical p

ro
b
ab

ility
 d

o
es seem

 in
tu

itiv
ely

 d
o
u
b
tfu

l in
 th

is case; m
o
reo

v
er, it

m
ig

h
t arg

u
ed

 th
at if w

e can
 assig

n
 a classical p

ro
b
ab

ility
 to

 th
e statem

en
t th

at p
 th

en
 w

e can

sp
ecu

late as to
 w

h
eth

er p
.  (A

 cru
d
e w

ay
 to

 arg
u
e th

is w
o
u
ld

 u
se th

e su
p
p
o
sed

 co
n
n
ectio

n

b
etw

een
 classical p

ro
b
ab

ilities an
d
 b

ettin
g
 b

eh
av

io
r, an

d
 th

e fact th
at it is n

o
t m

isg
u
id

ed
 to

 w
o
n
d
er

w
h
eth

er o
n
e h

as w
o
n
 o

n
e’s b

ets.)  S
o
 b

y
 rejectin

g
 th

e assu
m

ed
 co

n
n
ectio

n
 o

f classical lo
g
ic w

ith

classical p
ro

b
ab

ility, th
e m

o
d
el h

elp
s reliev

e th
e feelin

g
 o

f o
d
d
ity

 in
 assu

m
in

g
 classical lo

g
ic fo

r

in
d
eterm

in
ate sen

ten
ces.

7.  
O

n
e o

f th
e featu

res o
f th

e acco
u
n
t I h

av
e g

iv
en

 is th
at it tak

es attrib
u
tio

n
s o

f in
d
eterm

in
acy

to
 arise p

rim
arily

 fo
r sen

ten
ces rath

er th
an

 fo
r term

s: term
s are to

 b
e reg

ard
ed

 as in
d
eterm

in
ate o

n
ly

b
ecau

se sen
ten

ces th
at co

n
tain

 th
em

 are to
 b

e so
 reg

ard
ed

. T
h
is m

ay
 seem

 to
 raise a p

ro
b
lem

 fo
r o

n
e

o
f th

e ex
am

p
les g

iv
en

 in
 S

ectio
n
 1

: I claim
ed

 th
at th

ere w
as n

o
 fact o

f th
e m

atter as to
 w

h
ich

 sq
u
are

ro
o
t o

f -1
 ‘i’ referred

 to
, b

u
t w

e d
o
n
’t in

 o
u
r lan

g
u
ag

e h
av

e m
ean

s o
f referrin

g
 to

 sq
u
are ro

o
ts o

f -1

th
at aren

’t co
n
cep

tu
ally

 tied
 to

 ‘i’, so
 w

e d
o
n
’t h

av
e in

d
eterm

in
ate sen

ten
ces, so

 w
h
at can

 it am
o
u
n
t

to
 to

 say
 th

at ‘i’ is in
d
eterm

in
ate?  B

u
t th

is isn
’t really

 a p
ro

b
lem

: fo
r sin

ce w
e th

in
k
 th

ere are tw
o

ro
o
ts o

f -1
, w

e can
 alw

ay
s in

tro
d
u
ce n

ew
 n

am
es fo

r th
em

, n
o
t lin

k
ed

 to
 ‘i’: fo

r in
stan

ce, ‘/’ an
d
 ‘\’. 

T
h
e in

d
eterm

in
acy

 co
n
sists in

 th
e fact th

at if w
e d

o
 th

at, o
u
r d

eg
rees o

f b
elief in

 ‘/=
i’ an

d
 ‘\=

i’

sh
o
u
ld

 each
 b

e 0
, ev

en
 th

o
u
g
h
 th

e d
eg

ree o
f b

elief in
 th

e d
isju

n
ctio

n
 sh

o
u
ld

 b
e 1

.  (It sh
o
u
ld

 b
e clear

th
at th

is acco
u
n
t o

f th
e in

d
eterm

in
acy

 d
o
es n

o
t rely

 at all o
n
 th

e th
eo

ry
 o

f referen
ce: th

u
s it is
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1

av
ailab

le to
 an

y
o
n
e w

h
o
 th

in
k
s o

f referen
ce in

 o
n
e’s o

w
n
 lan

g
u
ag

e as d
efin

ed
 b

y
 th

e d
isq

u
o
tatio

n

sch
em

a, an
d
 th

u
s so

lv
es th

e p
ro

b
lem

 fo
r th

e d
isq

u
o
tatio

n
alist m

en
tio

n
ed

 n
ear th

e en
d
 o

f S
ectio

n
 1

.)

I n
o
w

 w
an

t to
 ap

p
ly

 th
e id

eas o
f th

e tw
o
 p

rev
io

u
s sectio

n
s to

 an
o
th

er ex
am

p
le o

f

in
d
eterm

in
acy.  A

s is w
ell k

n
o
w

n
, th

e size o
f th

e set o
f real n

u
m

b
ers is rad

ically
 u

n
settled

 b
y
 all th

e

u
su

al ax
io

m
s o

f set th
eo

ry
 (an

d
 b

y
 an

y
 k

n
o
w

n
 w

ay
 o

f co
n
sisten

tly
 ex

ten
d
in

g
 th

ese in
 a n

o
n
-ad

-h
o
c

fash
io

n
): th

e ax
io

m
s im

p
ly

 th
at th

e set o
f reals is u

n
co

u
n
tab

le, b
u
t it is co

n
sisten

t to
 su

p
p
o
se its size

to
 b

e alep
h

1  o
r alep

h
8
1
7  o

r alep
h

ù
+

2
3  o

r n
early

 an
y
 o

th
er u

n
co

u
n
tab

le card
in

al y
o
u
 lik

e.  A
 p

o
ssib

le

v
iew

 is th
at ev

en
 th

o
u
g
h
 o

u
r ax

io
m

s d
o
n
’t settle th

e m
atter (n

o
r d

o
 an

y
 ex

ten
sio

n
 o

f th
e ax

io
m

s th
at

w
e fin

d
 at all “ev

id
en

t”), still o
u
r set th

eo
retic co

n
cep

ts are p
erfectly

 p
recise, so

 th
at th

ere is an

o
b
jectiv

ely
 co

rrect an
sw

er th
at w

e w
ill p

ro
b
ab

ly
 n

ev
er k

n
o
w

.  B
u
t an

 altern
ativ

e v
iew

, w
h
ich

 I fin
d

far m
o
re p

lau
sib

le, is th
at o

u
r set-th

eo
retic co

n
cep

ts are in
d
eterm

in
ate: w

e can
 ad

o
p
t an

y
 o

n
e o

f th
e

ab
o
v
e claim

s ab
o
u
t th

e size o
f th

e co
n
tin

u
u
m

 w
e ch

o
o
se, w

ith
o
u
t d

an
g
er o

f erro
r, fo

r o
u
r p

rio
r set-

th
eo

retic co
n
cep

ts aren
’t d

eterm
in

ate en
o
u
g
h
 to

 ru
le th

e an
sw

er o
u
t. 1

9  P
rio

r to
 o

u
r ch

o
ice th

ere is

n
o
 d

eterm
in

ate fact o
f th

e m
atter.  In

 m
y
 v

iew
, th

is d
o
es n

o
t req

u
ire th

at w
e g

iv
e u

p
 classical lo

g
ic

w
h
en

 d
o
in

g
 set th

eo
ry.  A

s I o
n
ce p

u
t it,

...stan
d
ard

 m
ath

em
atical reaso

n
in

g
 can

 g
o
 u

n
ch

an
g
ed

 w
h
en

 in
d
eterm

in
acy

 in
 m

ath
em

atics is

reco
g
n
ized

: all th
at is ch

an
g
ed

 is p
h
ilo

so
p
h
ical co

m
m

en
taries o

n
 m

ath
em

atics, co
m

m
en

taries

su
ch

 as "E
ith

er th
e co

n
tin

u
u
m

 h
y
p
o
th

esis is d
eterm

in
ately

 tru
e o

r its n
eg

atio
n
 is

d
eterm

in
ately

 tru
e".  (F

ield
 1

9
9
8
a, p

. 2
9
5
)

L
eed

s o
b
jected

 to
 th

is v
iew

 in
 th

e p
ap

er th
at I b

eg
an

 w
ith

: h
is p

o
sitio

n
, as o

n
e m

ig
h
t g

u
ess, is

th
at it is sim

p
ly

 in
co

h
eren

t to
 accep

t set th
eo

ry
 w

h
ile reg

ard
in

g
 its co

n
cep

ts as in
d
eterm

in
ate:

esp
ecially

 (I th
in

k
 h

e w
o
u
ld

 ad
d
) w

h
en

 o
n
e reg

ard
s classical lo

g
ic as fu

lly
 ap

p
licab

le to
 th

em
.  A

n
d
 I

h
av

e to
 ag

ree th
at th

ere can
 seem

 so
m

eth
in

g
 fish

y
 in

 th
e id

ea: if th
e p

h
ilo

so
p
h
ical co

m
m

en
taries

ab
o
u
t d

eterm
in

aten
ess are as d

iv
o
rced

 fro
m

 m
ath

em
atical p

ractice as th
e q

u
o
tatio

n
 m

ay
 su

g
g
est,

th
en

 th
ey

 seem
 su

sp
icio

u
sly

 id
le.  I th

in
k
 th

o
u
g
h
 th

at th
e p

o
sitio

n
 d

ev
elo

p
ed

 in
 th

is p
ap

er sh
o
w

s th
at

th
e co

m
m

en
taries ab

o
u
t d

eterm
in

aten
ess n

eed
n
’t b

e d
iv

o
rced

 fro
m

 m
ath

em
atical p

ractice.  T
h
ere can

b
e a d

ifferen
ce in

 m
ath

em
atical p

ractice b
etw

een
 a set th

eo
rist w

h
o
 ad

o
p
ts a v

iew
 in

 w
h
ich

 th
e

d
eg

rees o
f b

elief in
 th

e co
n
tin

u
u
m

 h
y
p
o
th

esis an
d
 its n

eg
atio

n
 ad

d
 to

 1
 an

d
 o

n
e w

h
o
 d

o
esn

’t: th
e

fo
rm

er m
ay

 w
o
rry

 “W
h
ich

 is it?”, an
d
 try

 to
 g

ath
er m

ath
em

atical ev
id

en
ce in

 su
p
p
o
rt o

f o
n
e an

sw
er

3
2

o
r th

e o
th

er; th
e latter w

ill th
in

k
 th

at talk
 o

f ev
id

en
ce is m

isg
u
id

ed
, an

d
 w

ill th
in

k
 th

at each

p
o
ssib

ility
 is w

o
rth

 d
ev

elo
p
in

g
.  O

f co
u
rse, p

ractical an
d
 aesth

etic co
n
sid

eratio
n
s m

ay
 m

ak
e so

m
e

an
sw

ers m
o
re in

terestin
g
 th

an
 o

th
ers; b

u
t th

ese are n
o
t ev

id
en

ce.  (F
o
r o

n
e th

in
g
, p

ractical

co
n
sid

eratio
n
s m

ay
 fav

o
r u

sin
g
 a set th

eo
ry

 th
at g

iv
es o

n
e v

alu
e to

 th
e co

n
tin

u
u
m

 in
 o

n
e co

n
tex

t an
d

u
sin

g
 an

o
th

er in
 a d

ifferen
t co

n
tex

t.  T
h
ere is n

o
 p

ro
b
lem

 in
 d

o
in

g
 th

is as lo
n
g
 as th

e co
n
tex

ts are

k
ep

t d
istin

ct, b
u
t th

is m
ak

es clear th
at th

e u
tility

 o
f a m

ath
em

atical th
eo

ry
 in

 ap
p
licatio

n
s is q

u
ite

in
d
ep

en
d
en

t o
f its “tru

th
”.  S

im
ilarly, d

istin
ct aesth

etic criteria m
ay

 p
o
in

t in
 d

ifferen
t d

irectio
n
s: if w

e

k
eep

 tru
th

 o
u
t o

f th
e p

ictu
re th

ere is n
o
 n

eed
 to

 ask
 w

h
ich

 o
f tw

o
 v

alu
es o

f th
e co

n
tin

u
u
m

 is p
rettier

o
v
erall, an

y
m

o
re th

an
 th

ere is a n
eed

 to
 d

ecid
e w

h
eth

er B
ach

 o
r B

eeth
o
v
en

 is p
rettier o

v
erall.)

I sh
o
u
ld

 clo
se b

y
 m

en
tio

n
in

g
 th

at L
eed

s h
im

self o
ffers a so

lu
tio

n
 to

 W
illiam

so
n
’s p

u
zzle

(q
u
ite d

ifferen
t fro

m
 th

e o
n
e I h

av
e su

g
g
ested

).   H
is d

iscu
ssio

n
 is b

rief, b
u
t th

e p
o
sitio

n
 seem

s to
 b

e

th
at w

h
ile so

m
e sen

se can
 b

e m
ad

e o
f say

in
g
 th

at it is in
d
eterm

in
ate w

h
eth

er a g
iv

en
 ato

m
 is p

art o
f

C
lin

to
n
’s b

o
d
y
 o

r w
h
eth

er a g
iv

en
 p

erso
n
 Jo

e is rich
, w

h
at w

e are d
o
in

g
 w

h
en

 w
e say

 th
at is (i)

ex
clu

d
in

g
 th

e term
s ‘C

lin
to

n
’s b

o
d
y
’ an

d
 ‘rich

’ fro
m

 th
e su

b
p
art o

f o
u
r lan

g
u
ag

e th
at (in

 th
at

co
n
tex

t) w
e tak

e to
 b

e “first class”, an
d
 (ii) restrictin

g
 th

e p
rim

ary
 (d

isq
u
o
tatio

n
al) u

se o
f ‘refers’

an
d
 ‘tru

e o
f’ to

 th
at su

b
p
art o

f o
u
r lan

g
u
ag

e.  T
h
e in

d
eterm

in
acy

 o
f ‘rich

’ an
d
 ‘C

lin
to

n
’s b

o
d
y
’ is

th
en

 v
iew

ed
 as sim

p
ly

 a m
atter o

f th
ere b

ein
g
 n

o
 u

n
iq

u
ely

 b
est w

ay
 to

 tran
slate th

o
se term

s in
to

 th
e

su
b
p
art o

f o
u
r lan

g
u
ag

e to
 w

h
ich

 w
e are ap

p
ly

in
g
 th

e d
isq

u
o
tatio

n
 sch

em
a.  I th

in
k
 th

is id
ea fo

r

try
in

g
 to

 red
u
ce all in

d
eterm

in
acy

 to
 in

d
eterm

in
acy

 o
f tran

slatio
n
 w

h
ile reco

g
n
izin

g
 v

ag
u
en

ess in
 o

u
r

o
rd

in
ary

 lan
g
u
ag

e is in
g
en

io
u
s, th

o
u
g
h
 I am

 sk
ep

tical o
f th

e p
o
ssib

ility
 o

f u
ltim

ately
 m

ak
in

g
 sen

se o
f

it. 2
0   

B
u
t ev

en
 if it is w

o
rk

ab
le, an

d
 p

referab
le to

 th
e so

lu
tio

n
 I h

av
e ad

v
an

ced
, I d

o
u
b
t th

at it

serv
es h

is u
ltim

ate aim
, w

h
ich

 in
v
o
lv

es ex
clu

d
in

g
 th

e p
o
ssib

ility
 o

f th
ere b

ein
g
 an

y
 in

d
eterm

in
acy

 in

o
u
r o

w
n
 term

s th
at is m

o
re ex

citin
g
 th

an
 v

ag
u
en

ess.  W
ith

o
u
t fu

rth
er clarificatio

n
 in

 h
is p

ro
p
o
sal, I

d
o
n
’t th

in
k
 it is clear w

h
eth

er it ex
clu

d
es so

m
e o

r ev
en

 all o
f th

e in
d
eterm

in
acy

 o
n
e m

ig
h
t o

th
erw

ise

im
ag

in
e in

 o
u
r o

w
n
 scientific  term

s.  B
u
t in

 th
e case o

f th
e B

ran
d
o
m

 ex
am

p
le I th

in
k
 it is clear th

at

in
d
eterm

in
acy

 is n
o
t ex

clu
d
ed

: w
e can

 tak
e o

u
r “first class lan

g
u
ag

e” to
 sim

p
ly

 say
 th

at -1
 h

as tw
o

sq
u
are ro

o
ts, w

ith
o
u
t in

tro
d
u
cin

g
 a n

am
e lik

e ‘i’ to
 “stan

d
 fo

r o
n
e o

f th
em

”.  

L
eed

s actu
ally

 d
o
es n

o
t d

iscu
ss th

e B
ran

d
o
m

 ex
am

p
le, so

 I am
 n

o
t su

re th
at th

is co
n
clu

sio
n



3
3

1
. H

ere an
d
 in

 w
h
at fo

llo
w

s I ig
n
o
re th

e fact th
at w

o
rd

s lik
e ‘rich

’ are h
ig

h
ly

 co
n
tex

t-sen
sitiv

e; I

w
ill im

ag
in

e a co
n
tex

t o
f u

se th
at settles m

an
y
 q

u
estio

n
s ab

o
u
t w

h
o
 is rich

. B
u
t an

y
 realistic su

ch

co
n
tex

t w
ill still leav

e m
an

y
 q

u
estio

n
s ab

o
u
t w

h
o
 is rich

 u
n
settled

.

2
. A

 m
o
re m

o
d
erate v

iew
 w

o
u
ld

 b
e th

at w
e can

 h
av

e an
 u

n
relativ

ized
 n

o
tio

n
 o

f referen
ce

ex
ten

d
in

g
 b

ey
o
n
d
 o

u
r term

s, it w
ill ju

st b
e h

ig
h
ly

 in
d
eterm

in
ate.  B

u
t th

e m
o
re m

o
d
erate v

iew
 is

n
o
t av

ailab
le to

 o
n
e w

h
o
 w

an
ts to

 d
en

y
 in

d
eterm

in
acy

 in
 o

u
r o

w
n
 term

s, fo
r it p

o
stu

lates an

w
o
u
ld

 b
e u

n
w

elco
m

e to
 h

im
.  B

u
t h

e certain
ly

 d
iscu

sses th
e co

n
tin

u
u
m

 ex
am

p
le; an

d
 I th

in
k
 th

at

so
m

eth
in

g
 sim

ilar to
 w

h
at I ju

st said
 fo

r th
e B

ran
d
o
m

 ex
am

p
le can

 b
e said

 th
ere.  M

o
re fu

lly, th
e

id
ea is th

at w
e can

 in
 a sen

se accep
t set th

eo
ry

 w
ith

o
u
t tak

in
g
 th

e lan
g
u
ag

e o
f set th

eo
ry

 as “first

class”.  W
e can

 d
o
 so

 ev
en

 w
h
ile b

ein
g
 p

lato
n
ists in

 th
e sen

se o
f b

eliev
in

g
 th

at th
ere are n

o
n
-p

h
y
sical

etern
ally

 ex
istin

g
 o

b
jects, an

d
 tak

in
g
 set th

eo
ry

 to
 b

e talk
in

g
 ab

o
u
t so

m
e o

f th
em

.  T
h
e id

ea w
o
u
ld

 b
e

to
 tak

e as fu
n
d
am

en
tal a th

eo
ry

 T
 th

at d
o
esn

’t em
p
lo

y
 set-th

eo
retic v

o
cab

u
lary

 b
u
t m

erely
 say

s th
at

th
ere are in

fin
itely

 m
an

y
 n

o
n
-p

h
y
sical etern

ally
 ex

istin
g
 o

b
jects, an

d
 th

at p
o
stu

lates th
e co

n
sisten

cy

o
f b

asic set th
eo

ry. (C
o
n
sisten

cy
 w

o
u
ld

 h
av

e to
 b

e reg
ard

ed
 as a p

rim
itiv

e n
o
tio

n
 g

o
v
ern

ed
 b

y
 its

o
w

n
 ax

io
m

s, rath
er th

an
 ex

p
lain

ed
 in

 set-th
eo

retic term
s; b

u
t th

ere are in
d
ep

en
d
en

t reaso
n
s fo

r

ad
o
p
tin

g
 th

is attitu
d
e.)  W

e th
en

 tran
slate th

e lan
g
u
ag

e o
f set th

eo
ry

 in
to

 T
 b

y
 tak

in
g
 ‘set’ to

 b
e tru

e

o
f so

m
e o

r all o
f th

e n
o
n
-p

h
y
sical etern

ally
 ex

istin
g
 o

b
jects an

d
 b

y
 in

terp
retin

g
 ‘m

em
b
er o

f’ in
 an

y

w
ay

 th
at m

ak
es th

e u
su

al ax
io

m
s co

m
e o

u
t tru

e.  T
h
ere are m

u
ltip

le w
ay

s o
f d

o
in

g
 th

is, an
d
 d

ifferen
t

o
n
es m

ak
e d

ifferen
t sen

ten
ces ab

o
u
t th

e size o
f th

e co
n
tin

u
u
m

 co
m

e o
u
t tru

e.  S
o
 w

e g
et a

m
u
ltip

licity
 o

f tran
slatio

n
s b

etw
een

 th
e lan

g
u
ag

e o
f set th

eo
ry

 an
d
 th

e fu
n
d
am

en
tal p

lato
n
istic th

eo
ry,

an
d
 th

e co
n
tin

u
u
m

 h
y
p
o
th

esis co
m

es o
u
t lack

in
g
 in

 d
eterm

in
ate tru

th
 v

alu
e. 2

1

O
n
e co

n
clu

sio
n
 th

en
 is th

at ev
en

 if w
e w

ere to
 co

n
ced

e to
 L

eed
s h

is o
w

n
 so

lu
tio

n
 to

 th
e

W
illiam

so
n
 p

ro
b
lem

, w
e can

n
o
t ex

clu
d
e th

e p
o
ssib

ility
 o

f su
b
stan

tial in
d
eterm

in
acy

 in
 o

u
r o

w
n

lan
g
u
ag

e, g
o
in

g
 far b

ey
o
n
d
 m

ere v
ag

u
en

ess.  B
u
t I d

o
n
’t see an

y
 reaso

n
 to

 co
n
ced

e to
 L

eed
s h

is

so
lu

tio
n
: I th

in
k
 th

at th
e m

o
d
el o

f v
ag

u
en

ess an
d
 in

d
eterm

in
acy

 th
at I su

g
g
ested

 in
 earlier sectio

n
s is

m
o
re attractiv

e, an
d
 th

at it an
sw

ers th
e sk

ep
tical d

o
u
b
ts o

f b
o
th

 L
eed

s an
d
 W

illiam
so

n
. 2

2

N
otes

3
4

in
d
eterm

in
acy

 in
 o

u
r term

 ‘refers’; th
at is w

h
y
 I h

av
e ten

tativ
ely

 ascrib
ed

 to
 L

eed
s th

e v
iew

 th
at

‘refers’ b
e in

ap
p
licab

le to
 o

th
er term

s ex
cep

t b
y
 relativ

izatio
n
.  N

o
te th

at th
is less m

o
d
erate v

iew

req
u
ires th

at w
e h

av
e n

o
 n

o
tio

n
 o

f in
terth

eo
retic sy

n
o
n
y
m

y
 th

at co
u
ld

 b
e u

sed
 to

 b
reak

 th
e

relativ
izatio

n
: in

terth
eo

retic sy
n
o
n
y
m

y
 is n

o
t m

erely
 in

d
eterm

in
ate, it m

ak
es n

o
 sen

se. 

(In
d
eterm

in
acy

 o
f tran

slatio
n
 w

o
u
ld

 b
e allo

w
ed

, b
u
t it w

o
u
ld

 h
av

e to
 b

e v
iew

ed
 as in

d
eterm

in
acy

o
f how

 to
 tran

slate, n
o
t as in

d
eterm

in
acy

 o
f “th

e sy
n
o
n
y
m

y
 relatio

n
”.)

3
. A

 n
o
t im

p
lau

sib
le v

iew
 fo

r th
e sem

an
tics o

f th
e lan

g
u
ag

e o
f natural n

u
m

b
ers is th

at it is

co
m

p
letely

 in
d
eterm

in
ate w

h
ich

 ù
-seq

u
en

ce o
f ab

stract o
b
jects o

u
r term

s ‘0
', ‘1

', ‘2
', etc. stan

d

fo
r.  If th

is v
iew

 is accep
ted

, it p
resu

m
ab

ly
 ex

ten
d
s to

 co
m

p
lex

 n
u
m

b
ers, so

 th
at an

y
 ab

stract

o
b
ject w

h
atev

er is a can
d
id

ate fo
r th

e referen
ce o

f ‘i’ w
h
en

 co
n
ceiv

ed
 as p

art o
f a stru

ctu
re

iso
m

o
rp

h
ic to

 th
e co

m
p
lex

 n
u
m

b
ers.  H

o
w

ev
er, th

ere is a w
ay

 to
 o

p
p
o
se th

e claim
 o

f

in
d
eterm

in
acy

 in
 th

e n
atu

ral n
u
m

b
er case: o

n
e can

 claim
 th

at each
 n

u
m

eral d
eterm

in
ately

 refers to

a p
o
sitio

n
 in

 an
 ù

-seq
u
en

ce.  W
h
at is in

terestin
g
 ab

o
u
t th

e ex
am

p
le o

f th
e sq

u
are ro

o
ts o

f -1
 is

th
at th

is stru
ctu

ralist m
o
v
e w

o
n
’t w

o
rk

: th
e p

o
sitio

n
 o

ccu
p
ied

 b
y
 i is n

o
t stru

ctu
rally

 d
ifferen

t

fro
m

 th
at o

ccu
p
ied

 b
y
 -i, so

 ev
en

 th
e m

o
v
e to

 stru
ctu

res w
o
n
’t resto

re d
eterm

in
acy.

4
. A

n
d
 o

f co
u
rse w

e can
 av

o
id

 th
e in

d
eterm

in
ate lan

g
u
ag

e h
ere if w

e feel co
m

p
elled

 to
, b

y

rep
lacin

g
 talk

 o
f i an

d
 -i b

y
 sen

ten
ces o

f th
e fo

rm
 “W

h
en

ev
er x

 is a ro
o
t o

f -1
 an

d
 y

 its co
n
ju

g
ate,

...”.

5
. B

o
th

 id
eas w

ere articu
lated

 in
 F

ield
 1

9
7
4
, b

u
t I m

issed
 th

e o
b
v
io

u
s p

o
in

t th
at th

ey
 co

u
ld

 b
e

co
m

b
in

ed
 in

 a w
ay

 th
at p

reserv
es sch

em
a (R

).  T
h
at p

o
in

t is sp
elled

 o
u
t in

 slig
h
tly

 m
o
re d

etail in

F
ield

 1
9
9
8
b
.

6
. T

h
e k

in
d
 o

f d
etails I h

av
e in

 m
in

d
 are ab

o
u
t w

h
at is g

o
in

g
 o

n
 su

fficien
tly

 in
sid

e th
e b

o
u
n
d
aries

o
f th

e b
lack

 h
o
le th

at an
y
 u

n
fo

rtu
n
ate in

d
iv

id
u
al w

h
o
 en

tered
 th

e b
lack

 h
o
le w

o
u
ld

 h
av

e b
een

d
estro

y
ed

 b
y
 th

e tid
al fo

rces lo
n
g
 b

efo
re co

m
in

g
 in

to
 a p

o
sitio

n
 to

 o
b
serv

e th
em

; an
d
 th

ey
 are

d
etails th

at co
u
ld

 n
o
t b

e p
red

icted
 fro

m
 th

e p
rio

r state o
f th

e u
n
iv

erse o
u
tsid

e (o
r n

ear th
e b

o
rd

er

o
f) th

e b
lack

 h
o
le, g

iv
en

 th
e assu

m
ed

 in
d
eterm

in
ism

.

7
. S

o
m

eth
in

g
 lik

e th
is is arg

u
ab

ly
 so

 fo
r th

e rad
ical th

eo
rist as w

ell: alth
o
u
g
h
 h

e h
as n

o
 n

eed
 o

f a

sp
ecial d

eterm
in

ately
 o

p
erato

r, h
e d

o
es u

se a d
ifferen

t set o
f lo

g
ical co

n
stan

ts, an
d
 in

 th
e m

o
st



3
5

p
lau

sib
le fo

rm
 o

f th
e v

iew
 th

at I k
n
o
w

 o
f h

e m
u
st ap

p
eal to

 sp
ecial co

n
tex

tu
al sh

ifts in
 stan

d
ard

s

o
f accep

tab
ility

; an
d
 it m

ay
 b

e th
at an

 an
alo

g
o
u
s p

ro
b
lem

 arises in
 ex

p
lain

in
g
 so

m
e o

f th
ese th

in
g
s. 

I w
ill n

o
t ex

p
lo

re th
is.

8
. If th

e lan
g
u
ag

e co
n
tain

s co
n
tex

t-sen
sitiv

e elem
en

ts o
n
e m

u
st sp

eak
 in

stead
 o

f p
ro

b
ab

ility

assig
n
m

en
ts to

 sen
ten

ces relative to a context; o
r p

ro
b
ab

ility
 assig

n
m

en
ts to

 p
ro

p
o
sitio

n
s, w

h
ere

th
o
se are v

iew
ed

 as so
m

eth
in

g
 lik

e p
airs o

f sen
ten

ces an
d
 co

n
tex

ts.  In
 w

h
at fo

llo
w

s, I w
ill

assu
m

e a fix
ed

 co
n
tex

t, so
 th

at w
e can

 sp
eak

 sim
p
ly

 o
f an

 assig
n
m

en
t to

 sen
ten

ces.  W
h
en

 w
e

co
m

e to
 v

ag
u
en

ess, w
e w

o
n
’t b

e assig
n
in

g
 pr obabilities to

 sen
ten

ces, b
u
t w

e w
ill b

e assig
n
in

g

o
th

er k
in

d
s o

f d
eg

rees o
f b

elief to
 sen

ten
ces; ag

ain
, th

is m
ak

es sen
se as lo

n
g
 as th

e co
n
tex

t is h
eld

fix
ed

.  (A
s rem

ark
ed

 earlier, m
o
st v

ag
u
e term

s are h
ig

h
ly

 co
n
tex

t-d
ep

en
d
en

t, so
 th

e n
eed

 to
 h

o
ld

th
e co

n
tex

t fix
ed

 is esp
ecially

 im
p
o
rtan

t.)  If y
o
u
 lik

e y
o
u
 can

 talk
 in

stead
 o

f assig
n
in

g
 d

eg
rees o

f

b
elief to

 p
ro

p
o
sitio

n
s, as lo

n
g
 as y

o
u
 d

o
n
’t em

p
lo

y
 a h

eav
y
 d

u
ty

 n
o
tio

n
 o

f p
ro

p
o
sitio

n
 o

n
 w

h
ich

‘S
am

 is rich
’ o

n
ly

 ex
p
resses a p

ro
p
o
sitio

n
 if S

am
 is n

o
t a b

o
rd

erlin
e case.

9
. S

ch
iffer’s th

eo
ry, b

y
 co

n
trast, h

as tw
o
 d

istin
ct k

in
d
s o

f p
artial b

elief, o
p
eratin

g
 acco

rd
in

g
 to

d
ifferen

t law
s, o

n
e fo

r w
h
ere v

ag
u
en

ess is allo
w

ed
 an

d
 o

n
e w

h
ere it isn

’t; an
d
 th

e latter is n
o
t a

sp
ecial case o

f th
e fo

rm
er.  F

o
r v

ario
u
s reaso

n
s I th

in
k
 th

is u
n
satisfacto

ry.

1
0
. If w

e h
ad

 started
 w

ith
 a co

n
d
itio

n
al p

ro
b
ab

ility
 fu

n
ctio

n
 P

(X
|Y

) d
efin

ed
 ev

en
 w

h
en

P
(Y

|Z
w

¬
Z

) =
 0

, as in
 P

o
p
p
er 1

9
5
9
 (ap

p
en

d
ices iv

 an
d
 v

), w
e co

u
ld

 h
av

e d
efin

ed
 Q

 b
y
 th

e ru
le

Q
(X

|Y
)=

P
(D

X
|D

Y
); th

is w
o
u
ld

 allo
w

 Q
(X

|Y
) to

 b
e d

efin
ed

 ev
en

 w
h
en

 Q
(Y

|Z
w

¬
Z

) =
 0

.  T
h
e

P
o
p
p
er ap

p
ro

ach
, ex

ten
d
ed

 to
 th

e p
resen

t co
n
tex

t, req
u
ires th

at P
(X

|Y
) b

e 1
 w

h
en

 Y
 is

in
co

n
sisten

t w
ith

 th
e m

o
d
al sy

stem
 M

, b
u
t allo

w
s o

th
er v

alu
es w

h
en

 P
(Y

|Z
w

¬
Z

) is 0
 w

ith
o
u
t Y

b
ein

g
 in

co
n
sisten

t; so
 th

e sam
e w

ill b
e tru

e o
f Q

. 

11
. If o

n
e assu

m
es th

at th
e p

ro
b
ab

ility
 o

f m
y
 try

in
g
 o

u
t fo

r th
e Y

an
k
ees is strictly

 0
 rath

er th
an

m
erely

 less th
an

 1
0

-1
0, o

n
e n

eed
s th

e g
en

eralizatio
n
 m

en
tio

n
ed

 in
 th

e p
rev

io
u
s fo

o
tn

o
te.

1
2
. I sh

o
u
ld

 n
o
te th

at th
e co

n
clu

sio
n
 th

at th
e Q

-v
alu

es o
f th

e A
d
am

s co
n
d
itio

n
als is 1

 w
o
u
ld

 n
o
t

h
av

e b
een

 fo
rth

co
m

in
g
 h

ad
 I started

 fro
m

 a ty
p
ical p

ro
b
ab

ility
 fu

n
ctio

n
 b

ased
 o

n
 a m

o
d
al lo

g
ic

w
eak

er th
an

 S
4
.

3
6

1
3
. In

d
eed

, w
e can

 d
o
 b

etter still: an
y
 one o

f th
e o

ccu
rren

ces o
f ‘D

’ in
 th

e term
 o

n
 th

e left h
an

d

sid
e can

 b
e d

ro
p
p
ed

.

1
4
. In

 p
articu

lar, m
o
st o

f h
is th

eo
ry

 co
n
cern

s h
o
w

 b
elief fu

n
ctio

n
s are to

 b
e co

m
b
in

ed
 (“D

em
p
ster

co
n
d
itio

n
alizatio

n
”), an

d
 th

is seem
s to

 h
av

e n
o
 b

earin
g
 o

n
 v

ag
u
en

ess o
r in

d
eterm

in
acy.

1
5
. Q

(D
A

 w
 D

¬
A

) =
 P

(D
(D

A
 w

 D
¬

A
)) =

 P
(D

A
 w

 D
¬

A
) =

 P
(D

A
) +

 P
(D

¬
A

) =
 Q

(A
) +

 Q
(¬

A
).

1
6
. L

et A
 b

e ‘T
h
is co

in
 w

ill co
m

e u
p
 h

ead
s o

n
 th

e n
ex

t flip
’, an

d
 C

 b
e an

y
 sen

ten
ce th

at is

in
tu

itiv
ely

 in
d
ep

en
d
en

t o
f A

.  If th
e ag

en
t tak

es A
 an

d
 C

 as in
d
ep

en
d
en

t an
d
 tak

es th
e co

in
 as fair,

h
is set o

f p
ro

b
ab

ility
 fu

n
ctio

n
s o

n
 th

e su
b
lan

g
u
ag

e g
en

erated
 b

y
 A

 an
d
 C

 w
ill b

e th
e set o

f P
 su

ch

th
at (i) P

(A
) =

 ½
,  (ii) á#

P
(C

)#
â
 fo

r so
m

e á
, â

 (h
is “lo

w
er an

d
 u

p
p
er p

ro
b
ab

ilities”), an
d
 (iii)

P
(A

&
C

) =
 P

(A
)@P

(C
).  L

et B
 b

e A
/

C
.  F

o
r each

 P
 in

 th
e set, w

e h
av

e th
at P

(B
) is ½

, P
(A

&
B

) =

½
P

(C
), an

d
 P

(A
w

B
) =

 1
 - ½

P
(C

); so
 G

S (A
) an

d
 G

S (B
) w

ill each
 b

e ½
, G

S (A
&

B
) w

ill b
e á

/2
, an

d

G
S (A

w
B

) w
ill b

e 1
 - â

/2
, w

h
ich

 v
io

lates (#
) w

h
en

 â
 is strictly

 g
reater th

an
 á

. 

1
7
. S

u
p
p
o
se th

at A
 an

d
 C

 are in
tu

itiv
ely

 in
d
ep

en
d
en

t sen
ten

ces, b
u
t th

at th
is tim

e th
e ag

en
t can

p
u
t n

o
 lo

w
er o

r u
p
p
er b

o
u
n
d
s (ex

cep
t 0

 an
d
 1

) o
n
 th

e p
ro

b
ab

ility
 o

f eith
er.  T

h
at is, th

e ag
en

t

ad
o
p
ts th

e set o
f p

ro
b
ab

ility
 fu

n
ctio

n
s (o

n
 th

e su
b
lan

g
u
ag

e g
en

erated
 b

y
 A

 an
d
 C

) m
eetin

g

co
n
d
itio

n
 (iii) o

f th
e p

rev
io

u
s n

o
te.  In

 th
is case, fo

r sen
ten

ces E
 in

 th
e su

b
lan

g
u
ag

e, G
S (E

) is 1
 if

E
 is a tau

to
lo

g
y
 an

d
 0

 o
th

erw
ise, ju

st as it w
o
u
ld

 h
av

e b
een

 if co
n
d
itio

n
 (iii) h

ad
n
’t b

een
 im

p
o
sed

:

th
e sh

ift fro
m

 S
 to

 G
S  th

ro
w

s aw
ay

 th
e cru

cial in
fo

rm
atio

n
 th

at th
e ag

en
t tak

es A
 an

d
 C

 to
 b

e

in
d
ep

en
d
en

t.

1
8
. S

ee S
k
y
rm

s 1
9
8
4
, C

h
 3

.

1
9
. If o

n
e th

in
k
s th

at th
e o

n
ly

 p
o
ssib

le in
d
eterm

in
acy

 h
ere is in

 ‘set’, o
n
e m

ay
 su

p
p
o
se th

at w
e can

av
o
id

 p
o
stu

latin
g
 in

d
eterm

in
acy

 b
y
 tak

in
g
 th

e ex
ten

sio
n
 o

f ‘set’ to
 b

e “as larg
e as p

o
ssib

le”: see

L
eed

s 1
9
9
7
, fo

o
tn

o
te 2

4
, fo

r su
ch

 a su
g
g
estio

n
.  B

u
t in

 fact, an
 in

d
eterm

in
acy

 in
 th

e size o
f th

e

co
n
tin

u
u
m

 w
o
u
ld

 b
e d

u
e at least as m

u
ch

 to
 an

 in
d
eterm

in
acy

 in
 th

e m
em

b
ersh

ip
 p

red
icate as to

an
 in

d
eterm

in
acy

 in
 ‘set’.  A

fter all, th
e id

ea b
eh

in
d
 th

e arg
u
m

en
t fo

r in
d
eterm

in
acy

 is th
at th

ere is

little to
 d

eterm
in

e w
h
at th

e set-th
eo

retic p
rim

itiv
es are tru

e o
f b

esid
es th

e ax
io

m
s w

e accep
t, an

d

‘0
’ is o

n
e o

f th
o
se p

rim
itiv

es.  (I say
 ‘little’ rath

er th
an

 ‘n
o
th

in
g
’, fo

r reaso
n
s d

iscu
ssed

 in
 F

ield

1
9
9
8
a.  B

u
t th

e o
th

er d
eterm

in
an

ts d
o
n
’t h

elp
 in

 m
ak

in
g
 th

e size o
f th

e co
n
tin

u
u
m

 d
eterm

in
ate.)



3
7

2
0
. P

erh
ap

s th
e m

o
st cen

tral p
ro

b
lem

 th
at th

e ap
p
ro

ach
 faces is th

at o
f d

istin
g
u
ish

in
g
 b

etw
een

in
d
eterm

in
ate term

s an
d
 term

s th
at w

e w
o
u
ld

 all b
e in

clin
ed

 to
 say

 are p
erfectly

 d
eterm

in
ate b

u
t

sim
p
ly

 d
iffer in

 ex
ten

sio
n
 fro

m
 term

s in
 th

e “first class” p
art o

f o
u
r o

w
n
 lan

g
u
ag

e.  (T
h
e p

ro
b
lem

is esp
ecially

 sev
ere w

h
en

 th
e d

eterm
in

ate term
s h

av
e m

u
ltip

le “ap
p
ro

x
im

ate tran
slatio

n
s” in

to
 o

u
r

first class lan
g
u
ag

e, n
o
n
e clearly

 b
est, an

d
 th

ese “ap
p
ro

x
im

ate tran
slatio

n
s” d

iffer in
 ex

ten
sio

n

am
o
n
g
 th

em
selv

es.)  T
h
e o

b
v
io

u
s w

ay
 fo

r a d
isq

u
o
tatio

n
alist to

 try
 to

 h
an

d
le term

s in
 o

th
er

lan
g
u
ag

es th
at d

iffer in
 ex

ten
sio

n
 fro

m
 term

s in
 o

u
r lan

g
u
ag

e in
v
o
lv

es im
ag

in
in

g
 ad

d
in

g
 th

o
se

term
s (o

r o
th

ers w
ith

 th
e sam

e co
n
cep

tu
al ro

le) to
 o

u
r lan

g
u
ag

e, th
ereb

y
 allo

w
in

g
 u

s to
 d

isq
u
o
te. 

(S
ee Q

u
in

e 1
9
5
3
, p

.1
3
5
; F

ield
 1

9
9
4
a, p

p
. 2

7
3
-4

.)   B
u
t if w

e can
 im

ag
in

e ad
d
in

g
 (an

alo
g
s o

f)

in
tu

itiv
ely

 d
eterm

in
ate fo

reig
n
 term

s to
 o

u
r “first class lan

g
u
ag

e”, w
e can

 eq
u
ally

 im
ag

in
e ad

d
in

g

(an
alo

g
s o

f) term
s lik

e ‘/’ an
d
 ‘\’, o

r term
s lik

e ‘rich
’.  T

h
e p

ro
p
o
sed

 so
lu

tio
n
 to

 th
e p

ro
b
lem

 o
f

say
in

g
 w

h
at is d

efectiv
e ab

o
u
t ‘/’ an

d
 ‘\’ an

d
 ‘rich

’ th
reaten

s to
 d

isap
p
ear.

2
1
. T

h
ere is a co

m
p
licatio

n
: to

 h
an

d
le th

e ap
p
licatio

n
s o

f m
ath

em
atics to

 n
o
n
m

ath
em

atical

d
o
m

ain
s lik

e p
h
y
sics an

d
 p

sy
ch

o
lo

g
y, w

e n
eed

 th
at th

ese set th
eo

ries are n
o
t m

erely
 co

n
sisten

t b
u
t

jo
in

tly
 co

n
sisten

t w
ith

 o
u
r co

n
sisten

t n
o
n
m

ath
em

atical th
eo

ries.  A
n
d
 w

e m
u
st also

 su
p
p
o
se th

at

each
 th

eo
ry

 T
 o

f p
h
y
sics o

r p
sy

ch
o
lo

g
y
 o

r w
h
atev

er fo
rm

u
lated

 in
 o

u
r o

rd
in

ary
 set th

eo
ry

 co
u
ld

b
e refo

rm
u
lated

 u
sin

g
 th

e altern
ativ

e p
lato

n
istic th

eo
ry.  O

n
e w

ay
 to

 d
o
 so

 w
o
u
ld

 b
e to

 rep
lace it

b
y
 a n

o
m

in
alistic th

eo
ry.  A

n
o
th

er w
o
u
ld

 b
e to

 rep
lace it b

y
 th

e claim
 th

at all o
f th

e n
o
m

in
alistic

co
n
seq

u
en

ces o
f T

-p
lu

s-so
m

e-ch
o
sen

-set-th
eo

ry
 are tru

e.  T
h
is seco

n
d
 ro

u
te m

ay
 seem

 lik
e a

ch
eap

 trick
.  N

o
te th

o
u
g
h
 th

at o
n
 th

e seco
n
d
 ro

u
te, th

e ch
o
sen

 set th
eo

ry
 n

eed
n
't b

e o
n
e th

at

d
ecid

es th
e size o

f th
e co

n
tin

u
u
m

, th
o
u
g
h
 it co

u
ld

 if th
at tu

rn
ed

 o
u
t to

 b
e u

sefu
l in

 th
e p

articu
lar

p
h
y
sical o

r p
sy

ch
o
lo

g
ical th

eo
ry

 in
 q

u
estio

n
.  A

lso
, th

e set th
eo

ry
 ch

o
sen

 fo
r o

n
e p

h
y
sical o

r

p
sy

ch
o
lo

g
ical th

eo
ry

 n
eed

n
't b

e co
m

p
atib

le w
ith

 th
e o

n
e ch

o
sen

 fo
r an

o
th

er: th
is m

ak
es clear th

at

th
e tru

th
 o

f th
e set th

eo
ry

 is n
o
t b

ein
g
 assu

m
ed

 in
 th

e su
p
erio

r co
n
cep

tu
al fram

ew
o
rk

, o
n
ly

 its

in
stru

m
en

tal u
tility

 in
 a p

articu
lar ap

p
licatio

n
.

2
2
. I am

 g
ratefu

l to
 S

tep
h
en

 S
ch

iffer an
d
 P

au
l H

o
rw

ich
 fo

r a n
u
m

b
er o

f d
iscu

ssio
n
s, an

d
 to

S
ch

iffer an
d
 T

im
 M

au
d
lin

 fo
r h

elp
fu

l co
m

m
en

ts o
n
 a d

istan
t an

cesto
r o

f th
is p

ap
er.  P

rev
io

u
s

v
ersio

n
s ten

tativ
ely

 d
efen

d
ed

 a d
ifferen

t so
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